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Abstract: We study propagation of DO-brane in two-dimensional Lorentzian black hole backgrounds by 



o 
t> 
o . 

the method of boundary conformal field theory of SL(2,M)/U(1) supercoset at level k. Typically, such 
backgrounds arise as near-horizon geometries of k coincident non-extremal NS5-branes, where 1/k measures 
curvature of the backgrounds in string unit and hence size of string worldsheet effects. At classical level, 

Qh. string worldsheet effects are suppressed and DO-brane propagation in the Lorentzian black hole geometry 
is simply given by the Wick rotation of Dl-brane contour in the Euclidean black hole geometry. Taking 

^ . account of string worldsheet effects, boundary state of the Lorentzian DO-brane is formally constructible 

•i-H . 

^ . via Wick rotation from that of the Euclidean Dl-brane. However, the construction is subject to ambiguities 
in boundary conditions. We propose exact boundary states describing the DO-brane, and clarify physical 
interpretations of various boundary states constructed from different boundary conditions. As it falls into 
the black hole, the DO-brane radiates off to the horizon and to the infinity. From the boundary states 
constructed, we compute physical observables of such radiative process. We find that part of the radiation 
to infinity is in effective thermal distribution at the Hawking temperature. We also find that part of 
the radiation to horizon is in the Hagedorn distribution, dominated by massive, highly non-relativistic 
closed string states, much like the tachyon matter. Remarkably, such distribution emerges only after 
string worldsheet effects are taken exactly into account. From these results, we observe that nature of 
the radiation distribution changes dramatically across the conifold geometry k = 1 (k = 3 for the bosonic 
case), exposing the 'string - black hole transition' therein. 
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1. Introduction and Summary 

An important yet unsolved problem in string theory is an ab initio formulation of dynamics in time- 
dependent closed string background. Cosmological or black hole backgrounds are outstanding situations of 
this sort. In these situations, because there is no globally definable timelike Killing vector, there always arise 
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Bogoliubov excitation of the vacuum, leading to cosmological particle production and Hawking radiation. 
At present, however, full-fledged string theoretic description of the these processes is unavailable. Open 
string counterpart turned out more manageable. Decay of unstable D-brane, described by open string 
tachyon rolling Q, is amenable to exact conformal field theory approach, thus studied extensively in recent 
years. Still, some issues are left out unsettled, especially, ambiguity in prescribing timelike conformal field 
theories and the open string vacuum thereof. 

One may hope to find the situation better for the well-known two-dimensional black hole, which admits 
exact conformal field theory description [^] , and to understand physics inside the horizon and the spacelike 
singularity. For such purposes, we have learned through a variety of other situations that D-brane serves 
as a better probe than closed string. Our goal is to investigate dynamics of DO-brane propagating in 
the two-dimensional black hole geometries. 1 In this paper, we shall take the first step toward the goal: 
understanding DO-brane dynamics in the causal region outside the horizon, with particular focus on large 
curvature regime, where the string worldsheet effects become strong. The DO-brane serves as a local probe 
of the black hole geometries and, in a certain sense, may be considered as an analog of ZZ-brane in the 
Liouville theory. 

The two-dimensional black hole is often considered as a toy model of more realistic higher-dimensional 
black holes. This is not necessarily so, since the background is intimately related to the black NS5-branes, 
whose background [Q] is given by 

d. 2 = - (l - If) dt 2 + (l + k -f) + + dy 2 5 , e»W = £ (l + (1.1) 

along with A;-units of NS-NS i^-flux penetrating through § 3 . Thus, k refers to the number of NS5-branes 
at r = 0, r = r$ is the location of the event horizon, y are the spatial coordinates of the planar NS5-brane 
worldvolume, and g s is the string coupling constant at infinity. Since the NS5-brane is black, it breaks 
space-time supersymmetries completely and Hawking radiates. 

One hopes to gain intuition by studying classical DO-brane dynamics near the horizon. So, consider 
taking various near- horizon limits of the black NS5-brane ( |1.1| ). One type of near- horizon limit is r$ — > 
and g s — > independently, leading to the 'throat geometry' of extremal NS5-branes Ejl: 

ds 2 = -dt 2 + ka'dp 2 + ka'dnj + dy 2 5 , $ = -p + constant , (1.2) 

where r = y/ka' exp p. This background is describable by the exact conformal field theory involving linear 
dilaton and SU (2)f, super Wess-Zumino-Witten (WZW) model: 2 



x SU(2) k 



1 Some years ago, |j] studied extensively closed string propagation in these backgrounds. 

2 Here, k is the level of total current of super SU(2) WZW models and is the amount of background charge for linear 
dilaton system. 
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The first part describes the five-dimensional curved spacetime transverse to the NS5-brane, while the 
second part describes the flat spatial directions parallel to NS5-brane. The criticality condition is satisfied 
for any k because 

6 1\ fk-2 1\ / 1\ . . 

D-brane dynamics in this background was studied in || via the Dirac-Born-Infeld (DBI) approach, and 
observed that it strikingly resembles the rolling tachyon of unstable D-brane in ambient flat spacetime 



y, [10[|. This map, which we refer as 'radion-tachyon correspondence', offers a useful guide for understanding 
D-brane propagating in curved spacetime geometry in terms of known results regarding rolling tachyon 
dynamics. 3 Introducing 'tachyon' variable X = p, DBI Lagrangian of the DO-brane propagating in the 



background (1.2) is recastable to that of rolling tachyon: 




Ld = -e - **/ [ — J = -V{X)Vl- X 2 where V(X)=M e x . (1.4) 



The energy is conserved, so solving V(X)/y 1 — X 2 = 1, we obtain DO-brane's geodesic as 



e x = r viz. e p cosh(t - t Q ) = e po . (1.5) 

cosh(i ' 1 



This is the Lorentzian counterpart of so-called 'hairpin' profile. In the previous works ||, U, we con- 
structed exact boundary states of the D-brane and analyzed rolling dynamics of the D-brane in detail. 5 
A technical difficulty was that the dilaton blows up at the core, hampering further analysis by the strong 
coupling singularity. 

Another type of near-horizon limit is ro — > and g s — > while keeping the energy density above the 
extremal configuration \i = r^/g^a' fixed. It yields 'throat geometry' of the near-extremal NS5-branes 
O @: 

k 

ds 2 = -tanh 2 pdt 2 + ka'dp 2 + ka'dnj + dy| 5 , e 2 * = =- , (1.6) 

fx cosh p 

where r = tq cosh p. For (t, /9)-subspace, the metric and the dilaton coincide with those of the two- 
dimensional black hole. This Lorentzian black hole is describable by Kazama-Suzuki supercoset conformal 
field theory SL(2;M)k/U(l) (where U(l) subgroup is chosen to be the non-compact component (space-like 
direction)) of central charge c = 3(1 + 2/k). Likewise, taking account of the NS-NS ^-flux penetrating 



Subsequent works along the same line include e.g. pj| . 

4 Throughout this work, we refer by 'geodesic' of DO-brane the classical trajectory as determined by the DBI action. Recall 
that equivalence principle does not hold in string theory due to the dilaton coupling — motion of D-brane is different from 
that of fundamental string, the latter being studied for example in (See also footnote 10.). We would like to thank Itzhak 
Bars for bringing our attention to these references. 

5 Related analysis via boundary conformal theory was given in [ [l5| , [l6| |l7j ]. 
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through S 3 which is omitted in (1.6), the angular part § 3 is describable by the (super) £C/(2)-WZW model 



In this way, the string background of the nonextremal NS5-brane is reduced to a solvable superconformal 
field theory system: 6 

^xS^^x^^. (1.7) 

Here, the first part describes the five-dimensional curved spacetime (including the time direction) transverse 
to the NS5-brane, while the second part describes the flat spatial directions parallel to the NS5-brane. The 
criticality condition is satisfied for any k as in fll.3|). Upon Wick rotation, Euclidean black hole has the 
'cigar geometry', described by the coset conformal field theory SL(2; R)&/f7(l) ~ Efi/K (where U(l) 
subgroup is the compact component). Asymptotically, circumference of the cigar geometry is 2tt\/ a'k, and 
is identified with inverse of the Hawking temperature. 

Again, by introducing 'tachyon' variable Y = logsinh/3, DBI Lagrangian of the DO-brane is castable 
to that of rolling tachyon: 



L D0 = -e~*J (^j = -V(Y)Vl-Y 2 where V(Y) = M e Y . (1.8) 
We now find DO-brane's geodesic as 

e Y = — — — — — r viz. sinhpcosh(i — t Q ) = smhp . (1-9) 
cosh(t — t Q ) 

Euclidean counterpart of the geodesic ( |1.9| ) describes Dl-brane profile in the Euclidean two-dimensional 
black hole background. An important point is that, in sharp contrast to the extremal background ( |1.2[ ), 
the dilaton is finite everywhere. Thus, the strong coupling singularity is now capped off by the horizon. 

In both cases, it is elementary to understand classical dynamics of the DO-brane: both by gravity and 
by strong string coupling gradient, DO-brane is pulled in and finds its minimum energy and rest mass at the 
location of the NS5-brane. This also fits to the observation that the spacetime supersymmetry is completely 
broken as the NS5-brane and the DO-brane preserve different combinations of the supercharges. Eventually, 
DO-brane would melt into fluxes of NS5-brane worldvolume gauge field and form a non-threshold bound- 
state. As the DO-brane is pulled in, acceleration would grow and radiate off the binding energy into closed 
string modes. 

Interestingly, the DBI Lagrangian of DO-brane is identical for both extremal and non-extremal NS5- 
brane backgrounds, see (E4) and (|llj|). Consequently, the geodesies are also identical in X or Y coordinate. 



Does this imply that the two-dimensional black hole is featureless and not quite black? As we shall explain 
in much detail, this coincidence turns out simply an artifact of DBI analysis and disappears in full-fledged 
boundary conformal field theory description for the DO-brane boundary states. It also hints that the 



6 Here again, k is the level of total current of super WZW models. Namely, k + 2, k — 2 are the levels of bosonic 51/(2) and 
SU{2) currents. 
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radion-tachyon correspondence (based on DBI analysis alone) would break down in non-extremal NS5- 
brane background, and we will see such indications from exact boundary conformal field theory analysis. 

By construction, D-brane boundary states is obtainable from the coupling of the D-brane to closed 
string modes. Semiclassically, this can be done by overlapping the geodesic ( |1.9| ) to the mini-superspace 
wave function of the closed string modes. Thus, in section 2, after recapitulating the mini-superspace wave 
function in the Euclidean black hole background, we shall construct the boundary state of the Euclidean 
Dl-brane ]l9| by taking the inner product. Being in Euclidean background, the construction is free from 
ambiguity. 

We are primarily interested in DO-brane's boundary state in Lorentzian background. Formally, the 
boundary state is obtainable by Wick rotation of that for the Euclidean Dl-brane, as constructed in 
section 2. However, the Wick rotation is not unique and appropriate analytic continuation has to be 
specified. Causal region of the Lorentzian black hole background has four boundaries: past and future 
horizons Tl^, and past and future asymptotic infinities Z^. See Figure 1. The specification amounts to 
imposing boundary conditions at these four null infinities. In section 3, with careful treatment of the 
boundary conditions, we construct several boundary states of the DO-brane, corresponding to physically 
motivated boundary conditions: (1) DO-brane emitted from past horizon, (2) DO-brane absorbed to future 
horizon, and (3) time-symmetric DO-brane. As a useful mnemonic, via the radion-tachyon correspondence 
(extended to finite temperature background), (1) and (2) are the counterpart of half S-brane, while (3) is 
the counterpart of full S-brane. 



t = co 




t = — CO 



Figure 1: Penrose diagram of the two-dimensional black hole. We focus on the causal region I outside the horizon. 
Boundaries of the region I consist of past and future asymptotic infinities X ± and past and future horizons 7i ± . 

The DO-brane propagating in curved spacetime emits closed string excitations. One expects that in 
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general radiation rate would be proportional to spacetime curvature. In the eternal black hole background, 
where the future-directed asymptotic infinities consist of TL + and Z + , the radiation emitted by the D0- 
brane propagates out to either of them. In section 4, we estimate radiation distribution for incoming part 
jVi n (M) (as measured at TL + ) and outgoing part A/" ou t (M) (as measured at Z + ) for a fixed transverse mass 
M. Intuitively, the radiation distribution ought to depend sensitively on the background curvature scale, 7 
set by the level k. Curiously, we find that the radiation rate depends on the Hawking temperature! This 
has to do with the novel feature that the Hagedorn and the Hawking temperatures, Tn g and Th W i m the 
two-dimensional black hole background are both set by k: 

1 1 1 1 

Th k = -5 — = , and Th 



/^Hg A-Kyjl - J ^ Hw 2vr v / 2fc' 

Especially, the Hawking temperature is independent of the non-extremality ro or fx. 

Notice that two temperature scales meet at k = 1, viz. the conifold geometry, so we anticipate some 
sort of cross-over or phase transition. For k > 1, DO-brane energy is emitted almost all to incoming mode 
toward 7i + and small to outgoing mode toward I + : 

Kut(M) e -^HwM 

jVin(M) ~ e -|/3 Hg Af 

For k < 1, only small portion of the DO-brane energy is emitted, equally distributed between the incoming 
and the outgoing parts: 

M»ut(M) 

■Mn(Af) ~ ' 

The distribution does not appear to be the radiation pattern one would expect in black hole background, 
where the black hole would absorb most of the radiation (as well as DO-brane). This brings out a question: 
if k < 1 background were not associated with black hole, what would it be? 8 

In section 5, we argue that k = 1 is a critical point of black hole - string phase transition, where the 
branching ratio between incoming and outgoing part of the radiation provides an 'order parameter'. Our 
interpretation fits nicely with recent observation of ^] , where the same kind of phase transition was pointed 
out for AdS% and linear dilaton backgrounds. Given that the NS5-brane background is holographically 
dual to Little String Theory (LST), it is natural to ask what the holographic dual of the DO-brane falling 



into the NS5-brane. Adopting the proposal [15| that the dual process is identifiable with decay of a defect 
or soliton in the LST and taking reasonable assumption concerning /c-dependence of LST's decay number 
distribution and density of states, we show that the defect decay rate as computed within LST fits perfectly 
with the DO-brane radiation rate as computed in the bulk (viz. black hole background). Interestingly, the 
two-dimensional black hole at k = 1/2 belongs not quite to the black hole phase but to the far extreme 



7 Throughout this work, we shall adopt the convention a' — 2. 
8 Similar question has been discussed recently in |2o[ ElL 
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of the string phase. Long string condensation in two-dimensional string theory was recently studied via 
non-singlet matrix model p2^ ]. It would be interesting to study DO-brane dynamics in this matrix model 
and compare with our results. 

In section 6, we extend the boundary state analysis to Ramond-Ramond (R-R) sector by spectral 
flow, and, in section 7, we also analyze the limit the NS5-brane becomes extremal, thus making contact 
with our earlier results. In section 8, we return to the issue of boundary conditions and propose yet 
another physically motivated one: the Hartle-Hawking boundary condition. This boundary condition is 
particularly compelling because a puzzle concerning origin/fate of the conserved R-R charge of the DO-brane 
gets around, and also fits well with the radiation rate computed in section 4. 

2. Dl-brane on Euclidean Two-Dimensional Black Hole 

In this section, we study boundary state description of the Dl-brane profile on the Euclidean two- 
dimensional black hole geometries. We shall begin with recapitulating aspects of the closed string spectrum 
relevant for foregoing analysis. 

2.1 Mini-superspace analysis of closed strings 

Consider the Euclidean two-dimensional black hole background, known as 'cigar geometry': 

ds 2 = GifdarW = 2k(dp 2 + tanh 2 pdO 2 ) and e* = . (2.1) 

cosh p 

Recall that k sets characteristic curvature radius in unit of the string scale and hence string worldsheet 
effects, while e*° sets the maximum value of the string coupling at the tip p = of the cigar geometry. We 
shall assume the limit k S> 1 and e~*° 3> 1: this limit suppresses both string worldsheet and spacetime 
quantum effects and facilitates to truncate closed string spectrum to zero-modes, viz. to mini-superspace 
approximation . 

In the mini-superspace approach, difference between bosonic strings (with no worldsheet supersym- 
metry) and fermionic strings (with M = 2 worldsheet supersymmetry) becomes unimportant. The closed 
string Hamiltonian Lq + Lq is reduced in the mini-superspace approximation to the target space Laplacian 
Ao, where: 

A = di (e-^VGG^dj) = -^[d 2 +2coth2pd p + coth 2 ^] . (2.2) 

The Hamiltonian is defined with respect to the volume element: 

dVol = e~ 2 *VGdpd6 := 2k sinh p cosh pdp dO = ksmh2pdpd6 , (2.3) 

inherited from the Haar measure on the SX(2;R) group manifold. In the volume element, the dilaton 
factor e -2 * is taken into account, as the inner product for closed string states is defined by the worldsheet 
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two-point correlators on the sphere. The normalized eigenfunctions are obtained straightforwardly ||, [n 
They are: 



^ M = -r(M + i)r(-2j-P e 



2/ „• _,_ |n| - 

— _ — ; - .., y i f / i \ 

2.4) 



r 2 ( i 4- i n i 
1 v-J + j n e 



sinh 1 " 1 p • F (j + 1 + -3 + y"' ' n ' + 1; ~ sinh2 p ) 



where -F(a, /?; 7; z) is the Gaussian hyper geometric function. These eigenfunctions correspond to the pri- 
mary state vertex operators of conformal weights 

h = h = ; — -— or h = h = ; h — (2.5) 

k-2 4k k 4k y ' 

for bosonic 9 and fermionic strings, respectively. We shall focus on the continuous series, parametrise the 
radial quantum number j as j = (p£K), and label the eigenfunctions as 4%i(p, 9) instead of <jP n {Pi 0). 

Adopt the convention that, in the asymptotic region p ~ 00, the vertex operators with p > corresponds 
to the incoming waves and those with p < corresponds to the outgoing waves. The eigenfunctions fl2.4| ) 
are then normalized as 

(f n , = [ 2 ^(P ~ P') + K (p', n) 2tt5( P + p')] , (2.6) 

where the inner product is defined with respect to the volume element (|2.3|). Here, 7Zo(p,n) refers to the 
reflection amplitude of the mini-superspace analysis: 

K (p,n) = V Fl V2 ? 2 — . 2.7 

r(-#(i + f + f) 

That is, from the definition ( |2.4| ), the reflection amplitude is seen to obey the mini-superspace reflection 
relation: 

0- p (p,O) =Ka(-pAn\)cf>+ p (p,e) . (2.8) 

We shall refer 7Zo(p,n) as 'mini-superspace' reflection amplitude, valid strictly within mini-superspace 
approximation at k —* 00, and anticipate string worldsheet effects at finite k. Notice that no winding 
states wrapping around ^-direction are present since by definition the mini-superspace approximation 
retains states with zero winding only. 

Utilizing the analytic continuation formula of the hypergeometric functions: 

Th)T(8 - a) 

F(a,f3; T ,z) = U-z)- a F(a,a + 1 - T ,a + 1 - 3;l/z) 

+ ffiffi ~ ® (-Z)-PF(J3, p + 1 - 7; (3 + 1 - a; 1/z) , (2.9) 
the eigenfunction ( |2.4f) is decomposable into 

<%(p, O) = Q , 0) + Kofa HW R}n {p, 9) , (2.10) 

9 The eigenvalue is actually proportional to — ^r-^ + 
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where 



2 2 2 2 sinh /5' 

e -P e -w+me at p ^ +oc (2.H) 



and 



sinh p / 

~ e -P e w +in0 at p -> +oo (2.12) 



refer to the left- and the right-movers, respectively, at p — * +oo, and TZo(p, \n\) is defined in (|2.7|). Obviously, 
they are related to each other under the reflection of radial momentum: <f>R n = <j>£ P n , which is also 
evident from (p.lOj) and (2/7). These mini-superspace wave functions (|2,10| ) constitute the starting point 



of constructing boundary states of D-brane in the Euclidean two-dimensional black hole background. 

We close the mini-superspace analysis with remarks concerning Wick rotation of the results to the 
Lorentzian background and string worldsheet effects present at finite k. 

1. The decomposition of into (j) p L and <ft p Rn is not globally definable over the entire cigar geometry. 
They are ill-defined around the tip p = 0, and the reflection relation fl2.8|) implies that (pn P is not 
independent of (pn P - Therefore, of the continuous series, only the eigenfunctions 4>n with p > 0, n £ Z 
span the physical Hilbert space of the closed strings on the Euclidean two-dimensional black hole. On 
the other hand, the situation will become further complicated once Wick rotated to the Lorentzian 
two-dimensional black hole. 

2. Notice that is not analytic with respect to the angular quantum number n as it depends on its 
absolute value, \n\. This leads to the ambiguity for Wick rotation from Euclidean to Lorentzian 
background, under which roughly speaking in is replaced by energy oj. As for the mini-superspace 
reflection amplitude Ho(p,n), since TZo(p,—n) = lZo(p,n) holds for all n G Z, it is unnecessary to 
take absolute value \n\ in Q2.8| ), ( 2.1 0| ) . When taking Wick rotation, we will start from the expression 



TZq(p, \n\). In other words, we analytically continue lZo(p,n) if n > and TZo(p, —n) if n < 0. 

It is evident that \TZo(p, n)\ = 1, viz, the mini-superspace reflection amplitude is purely a phase shift 
in the Euclidean black hole background. It is of utmost importance that, in the Lorentzian black hole 
background, n is analytically continued to pure imaginary value, and the modulus of the reflection 
amplitude becomes less than unity. 

For the fermionic Euclidean SL(2;R)/U(1) conformal field theory, exact result for the reflection 



amplitude (i.e. taking account of all string worldsheet effects) is known [g^, 24]. In our notations, it 



is 



vr ~^ ,m-2. 7 --i r (! + ^ r ( 2 i + 1 ) r (-J + m)T(-j - fh) 

K(l,m,m) = v(k) J ttti ; ; — ; ; — ; ztt, (2.13) 

V 7 K) r(l - 32+1) r( _2j _ i)T{j + 1 + m)T(j + 1 - m) ' 1 ; 
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where 



, Ws I r(1 -^ 



kw + n 



kw 



n 



m 



m 



Denoting by &j-m,fh the vertex operator with conformal weights h 
exact reflection relation reads 



m 2 -j{j+l) 



, h 



m 2 ~j(j+l) 



(2.14) 
, the 



-(j+l);m,m = + l),m,m)$j 



j;m,m > 



(2.15) 



The mini-superspace reflection amplitude lZo(p,ri) is then related to the exact one TZ(j,m,m) by 
taking the A; — > oo limit as mentioned above (up to overall constant): 

1 



S.fe»)= Hm «0- = -5 + |,m==,fS=-=: 

fe^+oo z Z Z Z 



(2.16) 



2.2 Boundary state of Euclidean Dl-brane 

We shall now study Dl-brane in the Euclidean two-dimensional black hole background. Classically, profile 
of the Dl-brane follows the geodesic curve 



cos {0 — 6q ) sinh p = sinh po 



(2.17) 



and is known as the 'hairpin brane'. Here, 9o, po are free parameters characterizing the geodesic curves. 
The 'hairpin brane' is obtainable as a descendant of the Euclidean AdSz-bi&ne [25] in the Euclidean AdS^ 
space, described by SX(2;R) (H+) Wess-Zumino-Witten model. Correspondingly, exact boundary state of 
the Dl-brane was constructed in |l9| from the boundary conformal field theory analysis of the SL(2; R) 



Wess-Zumino-Witten model |26[]. See also the closely related works e.g. [27, |28|, |2^, g^, |31j, and [g2[ for 
a review. For the case of the Euclidean <SX(2;R)/£7(1) supercoset conformal field theory, the relevant 
boundary state of the NS-NS sector is given by 



m (B;p ,9 \ = / — 22 ^Di(po,0 o ;p,n) ((p,n 



r(ip)r ( i + f 



ri| + 



ip+n 



+ (-l)"e ippo 



(2.18) 



Here, {{p,n\ refers to the Ishibashi state constructed over the primary state whose mini-superspace wave 
function is given by (pn(p,0). Also, M(k) is a normalization factor. Since it would not affect foregoing 
analysis, we will set it to 2tt for simplicity. One can readily check that the boundary wave function ( 2.18 ) 
is consistent with the exact reflection amplitude ( |2.13| ). 

The result ( fOg ) can be understood intuitively as follows. A D-brane boundary wave function is the 
weighted sum of the wave function of closed string states restricted to the location of the D-brane. In 
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the mini-superspace approximation, as is implicit in the weighted sum equals to the overlap between 
the mini-superspace wave function and the delta function constraint enforcing (p, 9) coordinates over the 
hairpin trajectory ( p.!7| ) (with respect to the volume element ( |2,3D ), The result is 

poo /■§ +#o / \ ff sinh nn 

/ sintydsinty / d65( cos(9 - 6 ) sinh p- sinh po)$Ap,0) = / dd' J^.0PJp(p O; e'),e')e me °, 

Jo J-%+6 X ' •/-£ cos 



2 T u 2 



where 0' = (6 — 9q) and p(po,8') refers to the solution of cos sinh p = sinhpo- Using the decomposition 
( |2.10| ), we are then to evaluate integrals: 

f sinhpo jv ,~( mm 2irT(ip) _ f 

| COS z t) ' p / 1 _|_ tp+n \ p / 1 _|_ ip-n 



^2 1 2 y x ^2 1 2 

1 * ==^ «,„(p(po, «),«)= . 2 ; r ''T, ) . s e + ™ • 

7r COS z ' p f 1 _ ty+n \ p / 1 _ tp-n 

Details of the computation are relegated in Appendix B. Using the mini-superspace reflection amplitude 
(|2.7|), we then obtain 

*$l(po,e ;p,n) = — r - . : ~ e in9 ° {e~™ + (-lfe+^°) . (2.20) 

M2" 1 " 2 J M 2 ' 2 



We see the result ( |2.20D reproduces the exact result ( |2.18 ) modulo the factor T (l + Importantly, this 



missing factor depends on k (measured in string unit) and hence corresponds precisely to the corrections due 
to string worldsheet effects. The mini-superspace approximation sets k — > 00, so this factor is consistently 
dropped out. Equivalently, this missing factor can be reinstated to the D-brane boundary wave function by 
demanding consistency of the wave function in the mini-superspace approximation with the exact reflection 
amplitude fl2.13|) . 



3. DO-Brane in Lorentzian Two-Dimensional Black Hole 
3.1 Analytic continuation of boundary states 

In this section, we shall construct the exact boundary state describing the DO-brane moving in the 
Lorentzian two-dimensional black hole background. Recall that the Lorentzian two-dimensional black 



hole ('Lorentzian cigar') background is obtainable by the Wick rotation 9 = it of the Euclidean one (2.1) 



ds 2 = -2k(dp 2 - tanh 2 pdt 2 ) and e* = . (3.1) 

cosh/3 
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Wick-rotating the geodesic of the Euclidean Dl-brane, we found the geodesic of the Lorentzian DO-brane 
in as 10 

cosh(i — to) sinh p = sinh po , (3-2) 

where to, po are free parameters. Notice that the DO-brane reaches the horizon p = at t — > ±00 irrespective 
of the values of po and to- Thus, formally, the Lorentzian DO-brane boundary state is obtainable by Wick 
rotation of the Euclidean Dl-brane boundary state ( 2. 17| ) . 11 



Reconstructing boundary states of the Lorentzian D-brane from those of the Euclidean D-brane is 
generically not unique. Rather, the following potential subtleties need to be faced: 

• The Euclidean momentum n along the asymptotic circle of cigar is quantized, while the corresponding 
quantum number in the Lorentzian theory (i.e. the energy) takes a continuous value. 

• The Wick rotations of primary states are not necessarily unique. Often, appropriate boundary 
conditions should be specified. 

As for the first point, which has to do with Matsubara formulation, we can formally avoid the difficulty 
of quantized momentum by the following heuristic consideration. Suppose the boundary wave function 
f(n, a) (n £ Z is the quantized Euclidean energy, and a denotes the remaining quantum numbers not 
touched here) is given by the Fourier transform of a periodic function f(x + 2ir,a) = f(x,a). We then 
obtain 

^l=EE/( n ' a )« n ' a l =EE^ dxf(x,a)e in *{(n,a\ 

/°° da f'°° 
J- / dxf(x,a)e^((q,a\ , (3.3) 
- oo J — oo 

where we used the identity Xlnez ^(.1 ~ n ) = Smez e 2mmq in obtaining the last expression. Assuming 
that f(x,a) is analytic along the entire real x axis, the Wick rotation can be performed. Often, f(x,a) is 
non-analytic over the real x axis, and the integral in the last expression is ill-defined. This turns out to 
be the case for the boundary wave function of the Euclidean Dl-brane ( |2,18| ): in the coordinate space, the 
wave function has branch cuts and singularities along the real x-axis. In such cases, the best we can do is to 



1 Another familiar parametrization of the two-dimensional black hole is the analogue of the Kruskal coordinates 

dudv 



it = sinhpe , v — — sinhpe , ds ——2k 



1 — uv ' 



and the geodesic (B.2) is just a straight line in these coordinates. This is also pointed out in pg} ]. 

11 Some classical analysis of D-brane dynamics was attempted in [p3| within the Dirac-Born-Infeld approach. 
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adopt the slightly deformed integration contour C in x-space 12 to render the Fourier integral well-defined: 



(B>\ 



Euclidean 



dq 



oo 2vr JC 



dx f(x,a>) e iqx ((q,a 



(3.4) 



Likewise, disk one-point function of vertex operator ^Euclidean (associated with the Ishibashi state ((q, a\ 
is evaluated as the deformed contour integral: 



Euclidean \ 



= ^B'\q,a))= / dxf(x,ay x . 

disk J c 



(3.5) 



Assuming sufficient analyticity, one then defines Wick rotation of the states (3.4) by the contour deforma- 
tion of C accompanied by the continuation q — > iuj,x — > it; 

Lorentzian — J /„„ 2,TT 



(B>\ 



idtf(it,a)e- iujt {{iu,a\ . 



(3.6) 



This is essentially the procedure [jOl]. Of course, we potentially have an ambiguity in the choice of the 
contour C, and the correct choice should be determined by the physics under study. 
In the present case (B\ corresponds to ( |2.18| ) and (B'\ is given by 



where 

*diOoA;p, q) 



di{B';po,Oq\ 



sinh(-7rp) 



00 dp 
u 2^ 



Y *di(/°o,^o;p, q) {{p,q\ 



(3.7) 



7rr(»p)r(i + ¥ 



cosh ( 7r2±^ 



r(i + ^±2)rfi + M 



COsh ( 7T 



B 



1 ip — q 1 



r i 



"WO 



"WO 



+ 



■g-jlgl 



oWo 



COsh ( 7T 



,P-N|g[ 



COSh ( 7T 



-P— *lg[ 



o W0 



(3. 



Here B(p,q) = T(p)T(q)/F{p + q) denotes Euler's beta function. The integration contour C we choose 
is shown in Figure ^ . As in fl2.19| ) , we separately evaluated the integrals of (f? L and c^ R based on 
the decomposition ( 2.1C| ). For the convergence of integrals, we choose the contour C + for 4> P L (p > 
sector) and C~ for <p p Rq (p < sector). Such choice of integration contours rendered an extra damping 
factor sinh(7rp)/| cosh (tt 2 -^ 2 ) | 2 , which improves the ultraviolet behavior of the wave function and makes 



it possible to take the Wick rotation sensibly. The non-trivial phase factor cosh \tt - / cos h yK p - ! -^- 
in the second term originates from the reflection amplitude, and it reduces to (— l) n when q = n 6 Z. 



12 To be more precise, we should allow to use some decomposition 

f(x,a) = fi(x,a) + f2(x,a) + ■ 



and to take the different contours for each piece fi(x,a). 
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A 



X 



p>0 



-> 



/vw»- 



-571/2 -37C/2 -71/2/1 



71/2 



J7C/2 57C/2 



p<0 



Figure 2: The red (green broken) line is the contour C + for p > (C~ for p < 0). The imaginary x-axis corresponds 
to the Lorentzian time. Notice that an infinite number of branch cuts repeats in the Euclidean time: ^ + 2mr < x < 
+ 2n7r, (n € Z) along the real x-axis. 



The second subtlety implies that {{iu, a\ is not uniquely defined in fl3,6| ). This is the issue that arises 
in a background with horizon, equivalently, non-existence of globally definable timelike Killing vector. As 
such, this subtlety did not arise for the extremal NS5-brane geometry (described asymptotically by free 



linear dilaton theory Jg, y]) considered in [13|. In the next section, within the mini-superspace analysis for 
the Lorentzian two-dimensional black hole, we shall clarify this subtlety. 

An alternative, sensible prescription of the analytic continuation is to define the disk one-point corre- 
lator directly via the Lorentzian Fourier transform: 

Lorentzian \ / i + f 1 ■+ „,\„—iu)t 



^LorentzianX / fa f (it, a)e~ Wt . (3.9) 

/ disk J_ OQ 

This is not always equivalent to the the former method elaborated above. In fact, the latter method does 
not necessarily assert that the boundary state constructed so is expandable in terms of the Lorentzian 
Ishibashi states that are analytically continued from the Euclidean ones. 

3.2 Lorentzian mini-superspace wave functions 

The Wick rotation of the mini-superspace eigenfunctions in the Euclidean cigar geometry ( p.4| ) is not so 
trivial. Fortuitously, the Lorentzian eigenfunctions are already classified thoroughly in ||. The complete 
basis for waves outside the black hole horizon are spanned by the following four types of eigenfunctions 13 



13 Here we adopt slightly different normalization from 
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of the Lorentzian Klein- Gordon operator. For those with the eigenvalue |x — ^ + ^ of the Klein-Gordon 
operator, the four eigenfunctions are 

U?( P ,t) = - e-^(sinhp)-^K,^;l-^;- S inh 2 p) 

r(i — iu))Y{—ip) 

~ e-^^P as p -> , (3.10) 
K?(p,t) = ~ r(1 ^^|r (ip) e-^(sinhp)^F«, 1 + w; - sinh 2 p) 

~ e -^+^inp as p _, o , (3.11) 

L£(p,i) = ^(sinhp)" 1 -^^;,^;^^;-^-) 

smn p 

~ e -P e -w-^* as p _, oo , (3.12) 

1 , 



iJS(p,t) = e-^(sinhp)- 1+ ^F( l , + ,^;l-ip; 



sinh p 

~ e-Pe+w-fc* as p -> oo (3.13) 



with the notations 



1 (P j_ u 
u+ = z - ± — 

2 V2 2 

These eigenfunctions are defined by the following analytic continuations of the mini-superspace Euclidean 
eigenfunctions: 



vS{ P ,t) 



= -it) (u<0,n>0) 

' <j>Z-iu(p,0 = -it) (w>0, n<0) 
^;£ +iu ,(p,0 = +ii) (w<0, n>0) 

K(P,t)=^ n=l J P ,0 = +it) , (3.14) 

where the n < and n > ranges are mapped to u > and a; < 0, respectively. 

As discussed in ||, only two out of the four eigenfunctions are linearly independent. In particular, 

VSM = U%*(p, -t) and RP(p,t) = L£*(p, -i) . 

The reason why we introduce the above four eigenfunctions is because they encode four possible boundary 
conditions (We here assume p > 0) in the Lorentzian black hole background. Recall that, for the region 
outside the horizon of the eternal black hole, the boundaries consist of four segments: 'future (past) 
horizon' t = +oo, p = (t = — oo, p = 0) by TL + (H~), and the 'future (past) infinity' t = +oo, p = +oo 
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(t = —oo, p = +00) by Z + (Z ). The four eigenfunctions U,V,L,R are the ones obeying boundary 
conditions: 

UP = at n~ , VP = at H + , L£ = (i£ = 0) at 1+ , i£ = (L£ = 0) at J~ 
forw>0(w<0). See Figure |. 



t = 00 




t = — 00 



Figure 3: The boundary conditions of the Lorentzian eigenfunctions (oj > sector). For uj < 0, the figures for L 
and R should be interchanged. 



By Wick rotating the mini-superspace reflection relations (2JS), we obtain linear relations among the 
Lorentzian eigenfunctions: 

U* = IZ+K {p,u)H* and V* = RP W + K(p, . (3.15) 

Equivalently, 

L * = -T^T( ^i^-^oMVP} and R*=— — {V* - Kip, u,)U*} . (3.16) 

Here, the mini-superspace reflection amplitude 1Zq{p,uj) in Lorentzian theory is given by 

n ° M ~ r^jrv) = ' cosh.(^) • (3 - 17) 

Notice that, in sharp contrast to the Euclidean black hole, the reflection amplitude is less than unity due 
to the second factor: 

<3 - 18) 
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The inequality is saturated at p = uj = 0. The inequality ( [3. 18 ) shall play a prominent role for understand- 
ing string dynamics in the Lorentzian black hole background. The mini-superspace reflection relations for 
U&i y£ are also expressible in a form similar to the Euclidean ones. Recalling that lZo(—p, u)lZo(+p, ui) = 1, 

U-P(p,t) = Ho(-p,u)UZ(p,t) and VjV(p,t)=llU-p,u J )VP(p,t) , (3.19) 

while L v u and RZ are simply related by reflection: 

L-J\p,t)=Rt J \p,t) . (3.20) 

Moreover, UZ and V£ are linearly independent except for the special kinematic regime, u> = 0. Notice 
also, in the relation ( 0.18 ), the reflection amplitude involves the mini-superspace contribution only, not the 
full-fledged stringy one. 

Before proceeding further, we shall here collect explicitly relations among inner products of Lorentzian 
primary fields, where the inner product is defined with respect to the Lorentzian measure dvL = k sinh 2pdpdt. 
Taking quantum numbers p, uj fixed and dropping off delta function factors 2ir5(p —p'), 2u5{uj — uj') for 
notational simplicity, we have 

(ULUZ) = (vp,v£) = N (p,u) , NoM = i + l^fo")! 2 

{lZ,I%) = {Rl,Ri) = l ~, (LP,RP)=0, 

(ULLl) = {VS,RZ) = \ , {RIM) = {VS,I%) = • (3.21) 

The inner products involving LZ and RZ are readily evaluated since dominant contributions are supported 
in the asymptotic region /)> 0, yielding the volume factor 2ir5(0). The remaining inner products are then 
extractable from the linear relations (3.15), ( 3.16| ). 14 We also fixed the overall normalization factors from 
consistency with the Euclidean inner product (pTq) under the u —* limit. Notice also that 



N (-p,u) = \K (- P ,uj)\ 2 N (+p,lo) , (3.22) 

as is consistent with the mini-superspace reflection relation ( 3.1 9| ) . 

It is easy to construct the exact string vertex operators or primary states corresponding to the 
mini-superspace eigenfunctions U, V, L, R. To be specific, we shall consider primarily the fermionic 
SLk(2,M)/U(l) supercoset conformal field theory. 15 The primary states \U£}, \VS) are the ones of confor- 
mal weights h = h = Or — + and obey the exact reflection relations 

\U-P)=lZ(-p,u;)\UP) , \VjP)=n*(-p,u;)\VP) , (3.23) 



14-1 



We checked these inner products numerically using MATHEMATICA. 
15 For the bosonic SL(2;W) K /U(l) coset conformal field theory, we instead have h = h = 4 ^_ 2 ) — ^ + ^_ 2 ) i an d 

rc(p, w )=tto(p, w )j£±|g. 
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and the exact reflection amplitude is given by 



r(i + f 



K(p,uj) =TZ {p,uj)^ -{ . (3.24) 

r(i-f) 

Notice that the string worldsheet effect entering through the 1/ fc-correction is a pure phase. Thus, the 
exact reflection probability \H(p, ui)\ 2 remains unmodified from the mini-superspace approximation result 
|7^o(p 5 w)| 2 given in fl3.18Q . We shall normalize the primary states \U P ), \V£) {p > 0) as 

m\U&) = {V*\V$) = N(p,u) 2tt6( P - P ')2-k8{u - J) , 

(V2\U%) = K*(p,u) 2n6(j> - p')2k8{u - J) , (3.25) 

where the new normalization factor N(p,u) is simply defined by replacing TZq with 1Z in Nq(p,u). The 
primary states are also definable by using the linear relations ( 3.15 ) or ( 3,16j ) but now with 



IZo replaced by 1Z. Notice that \U£), \V%) are the ones analytically continuable to the Euclidean primary 
states \4>n P )i so often referred as the 'Hartle-Hawking vacua'. On the other hand, the states \RZ) 
does not have Euclidean counterparts. Recall that, over the Euclidean black hole background, 4> p Ln , <^ n 
behave badly in the vicinity of p = and hence ill-defined. 

We also find it useful to introduce the dual basis (U p \, (V£\ (p,p' > 0) with inner products 

(02|E#> = <yS\V$) = 2tt5( P - p')^5[u - <J) , (juZ\v£.) = (VS\U p J = . (3.26) 
Explicitly, they are given by 

= i i J ^ {(lZ\-n*(p,u)(RZ\} , = J {(JS|-^(P^)(££|}(3.27) 

i-\n{p,u)\ i-\K{p,u)\ 

As such, these dual basis obey the following exact reflection relations: 

(U- p \ =K(p,u)(juS\ and (VJ P \ = K(p, lj)*(V£\ . (3.28) 

A remark is in order. The dual basis (U p \, (V£\ are not Wick rotatable to the Euclidean dual basis 
{4>n P \, since \1Z(p,uj)\ = 1 for u G iR. The correct procedure would be that we first define Wick 

rotations for the 'kef states, and then define their dual states within the Lorentzian Hilbert space. Nev- 
ertheless, one-point correlators in the Lorentzian theory, from which a set of physical observables can be 
computed, ought to be always analytically continuable to the one-point correlators in the Euclidean theory. 
Roughly speaking, ambiguities inherent to the Wick rotation of dual states drop out upon taking inner 
product. 

Having obtained the Lorentzian primary states, we shall now construct several interesting class of 
boundary states for a DO-brane propagating in the black hole background. We have seen that the D0- 
brane propagates along the trajectory ( |3.2| ). The two-dimensional black hole is eternal, so, in addition 
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to the past and the future asymptotic infinities, the causal propagation region has the past horizon H~ 
surrounding the white hole singularity and the future horizon TC + surrounding the black hole singularity. 
As such, by taking variety of possible boundary conditions, we can construct interesting class of boundary 
states. 

3.3 Boundary state of DO-brane absorbed to future horizon 

Consider first the boundary state obeying the boundary condition ip(p,t) — > at the past horizon H~ , 
viz. the primary states \UZ)- This boundary condition is relevant for scattering of a DO-brane off the 
black hole, since the condition represents absorption only and no emission of the DO-brane by the black 
hole. DO-brane boundary state obeying such absorbing boundary condition is then expanded solely by the 
Ishibashi states u ((p,u\ , \p,uj)) u that are associated with the primary states \UE>)'- 

dp f°° duj 



absorb(B;po,t \ = J ^ J ^■*absorb(PO,*0;P,^) t/ ((p,^| , 
f°° dp f°° did 

|£;PO,£o) ab sorb = J ^ *ab S orb(P0, *05 P, w) \p, W» ■ (3-29) 

The boundary wave function ^absorb (po ,to ! Pi w ) 1S then interpreted as the disk one-point correlators: 

^ab S orb(P0,t ;p, u) = (^)disk = absorb(-B;PO,io|^S) ) ( 3 - 30 ) 



The boundary wave function ( 3.30| ) is then obtained by taking the Wick rotation q — > iu> (q 



-iuj 



for q < (q > 0) in Q (recall |TL4|)): 16 



^absorb (PO, to! P,") = B(u+, U-)T ( 1 + | ) 



cosh (vr2^) 
cosh (vr 2 ^) 



(3.31) 



The relative minus sign in the second term of \P absort^Po^o;^^) originates from the fact that the contour 
rotation defining the Wick rotation has opposite directions for C + (suitable for p > 0) and C~ (suitable for 
p < 0). See figure^. This boundary wave function ( 3.31| ) satisfies the exact reflection relation 



*absorb(Po, t ; -p,uj) = K(-p,u) Absorb (po, h; p,uj) . (3.32) 



With such boundary condition, the boundary wave function ( |3.31| ) would have no overlap with D0- 
brane's trajectory (|3.2| ) in the far past region t <C to- I n fact, the trajectory ( |3.2[) starts from the past 
horizon 7i~ at t = —oo, reaches the time-symmetric point p = po at t = to, and then falls back the future 
horizon 7i + at t = +oo, while the wave function UZ does not have any component outgoing from TC~ . We 
thus interpret that the boundary state ( 3.31] ) describes the future half of the classical trajectory ( |3.2[ ). We 



shall hence call it the 'absorbed D-brane'. 

In reality, there is a further overall factor i, but, for notational simplicity, we will absorb it to the definition of the Ishibashi 
states. 
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By utilizing the radion-tachyon correspondence, the rolling radion (as described by the boundary state 



( 3.31 )) is also interpretable as the rolling tachyon. In the latter interpretation, the DO-brane absorbed to 
the future horizon is the counterpart of the future-half S-brane [|34|, |9], |l(| , in which the tachyon rolls down 
the potential hill at asymptotic future t — > +00 and emits radiation. 

3.4 Boundary state of DO-brane emitted from past horizon 

Consider next the boundary condition: tp(p,t) — > at Tt + , viz. use the basis \p,uj)) v , v ((p,Lo\ instead 
of \p,u)) u , u ((p,lo\. Utilizing the reflection relation, we can first rewrite ( |3.8| ) as the form which only 
includes the p < Ishibashi states by means of the reflection relation. Then, we can analytically continue 
the states \4> q p ) {p > 0) into \ V£). The resultant boundary state is obtained by simply replacing p — ► —p, 
u — ► — lo in ( |3.31| ); 

f°° dp f°° dui 

emitted(-B;PO,*o| = / r~ / 7T *emitted(P0, *05 P, u) V {{P, u\ . 
JO 27T J-00 27T 

f°° dp f°° du> 

1^; PO, to) emitted = J g^T ^emitted (P0, *0! P, w) \p, u)) . (3.33) 



where 



*cmittcd(po,io;p,w) = B(v* + ,vt)T (l - |^ e"*^ 



e wo _ cosh (vr^) c _ wo 
cosh (vr 2 ^) 



Obviously, the emitted DO-brane wave function is the time-reversal of the absorbed DO-brane wave function 



(El): 

*emitted(PO,*o;P,^) = *absorb(p0) ~to]P, . 

Namely, it describes the DO-brane emitted from the past horizon at asymptotic past t = — oo. By the 
choice of the boundary condition, this boundary state ( |3.33| ) describes only the past half of the classical 
DO-brane trajectory (|3.2|) . 

The exact reflection relation has the form 

*emitted(/00,to; ~P,u) = K*{-p, io) ^emitted (/>0, ^0! P, ^) . (3.34) 

Again, in light of the radion-tachyon correspondence, the DO-brane emitted from the past horizon is 
the counterpart of the past-half S-brane in tachyon rolling. The radiation creeps up the tachyon potential 
hill from past infinity and forms an unstable D-brane. 

3.5 Boundary state of time-symmetric DO-brane 

The third possible boundary state is obtainable by directly taking the analytic continuation in the disk 
one-point amplitudes, as we already mentioned. Recalling ( |3.14| ), we shall analytically continue the disk 
amplitudes as (assume p > 0) 



/disk 



(^)disk and (VW — > (^)disk • (3-35) 
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The Euclidean one-point amplitudes (^ p )disk are given in (]3.§|), and can be expressed in contour integrals 
as in ([D]). Recall that (<jf L 9 )disk) ? )disk are prescribed by the contour integrals over C + , C~ in figure^. 
We shall thus analytically continue them to the real time axis (imaginary x-axis). In this way, we extract 
the Lorentzian disk one-point amplitudes as 

ra^ = (u p j£r h) -d (^) dlsk = ra d r tted) » ( 3 - 36 ) 

where the right-hand sides are simply the amplitudes associated with the 'absorbed' and 'emitted' D0- 
branes considered in the previous subsections and explicitly given in ( 3.31 ) and ( 3.33| ). Since UZ and V£ 
constitute the complete set of basis for Lorentzian primary fields, the amplitudes ( 3.36| ) would yield yet 
another Lorentzian DO-brane boundary states. As is obvious from the above construction, this state keeps 
the time-reversal symmetry manifest and reproduces the entire classical trajectory ( |3.2| ), that is, it describes 
a DO-brane emitted from the past horizon and reabsorbed to the future horizon. From the viewpoint of 
the boundary conformal theory, this would be considered the most natural one since it captures the entire 
classical trajectory of the DO-brane. In the radion-tachyon correspondence, this state is the counterpart of 
the full S-brane @ |. 

Explicitly, the time-symmetric boundary states are given by 

symm(-E>; Po, to\ = a bsorb(-B; PO, *o| + emitted(-B; PO, *0 1 

f°° dp f°° du 

\B; po, t ) symm = \B; p , to> ab sorb + \ B \ Po, *o) emitt ed 
ro ° dp f°° dco 



2tt 



J-oo 



/OO p , 

\p,io)) R \ (3.37) 



where 



*symm(/>0,io;P,w) = B(u+,U.)T (l + |) e -iPP°-**l 



and L ((p, ui\ , \p,io}) L , R ((p,io\ , \p,uj}} R are the Ishibashi states constructed over the primary states 
\Lw), (RZ\, \RZ), 17 respectively. One can readily check that the second lines in (|3.37| ) are indeed correct 
by evaluating the disk one-point amplitudes from them. For instance, using ( 3.2 1] ) , we obtain 

(^disr^ =symUB;PO,t \UD 

= ^ symm {po,t ;p,uj) +TZ(p,uj)^* symm (p ,-t ;p,uj) 



_ ippo _ cosh (vT^) 

V* ' kj" 

(^)S 0rb) = absorb^! POMUZ) ■ 



cosh (vr£±^; 



7 The extra factor of '2' was introduced for convenience. Recall ( |3.2l[ ). 
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Other one-point amplitudes can be checked analogously. 

Two remarks are in order. First, notice that, though the disk one-point amplitudes are, the symmetric 
boundary states ( |3.37 ) by themselves are not analytically continuable to the Euclidean boundary state 



This should not be surprising as the Lorentzian Hilbert space is generated by twice as many generators 
as the Euclidean theory. In other words, the Lorentzian bases \U%), \V%) correspond to {(/%,), \4>n P ) in 
the Euclidean theory, which were however linearly dependent due to the reflection relation. Nevertheless, 



the boundary state (3.37) is a consistent one and yields disk one-point amplitudes that can be correctly 



continued to the Euclidean ones. Second, the full Lorentzian Hilbert space is decomposed as 

n = n u @n v and n = © riy , (3.38) 

where 7i u (7i v ) is spanned by \UZ) , ( \V%) ) and their descendants. The dual space 7i u (TL V ) is similarly 
spanned by (UE\, ((V£\). Here, the Hilbert subspaces H , TL U (H v , TL V ) correspond to the boundary 
condition ip(p,t) — > at Hr (H + ). The 'absorbed' and 'emitted' DO-brane boundary states ( 3.3l|) , ( 3.33 ) 



are consistent only in the subspaces 7i u , 7i v (7i u , Ti v ), while the 'symmetric' DO-brane boundary state 



( |3.37| ) is well-defined in the entire Hilbert space Ji iT~L). We thus have simple relations 

PO, ^o) a bsorb = Bu \B\ PO, to) symm and absorb(-B; po, to\ = sy mm(B; po,to\ P\J , 

\B] po, to) emitted = \B] PO, ^o) symm and emitted(-B; PO, *o| = symm(-B; PO, *o| Pv ) (3.39) 

where Pjjy (Buy) denotes projection of the Hilbert space TL to TL U,V (H U ' V ). 



4. Radiation out of DO-Brane Rolling in the Black Hole Background 

In the background of the black hole, the DO-brane moves along the geodesic and we have constructed a 
variety of boundary states describing the geodesic motion, specified by appropriate boundary conditions. 

Both by gravity and by strong string coupling gradient, the Dp-brane is pulled in and finds its minimum 
energy and mass at the location of the NS5-brane. The Dp-brane is supersymmetric in flat spacetime, but 
preserves no supersymmetry in black NS5-brane background. Even in extremal NS5-brane background, 
until the Dp-brane dissociates into the NS5-brane and form a non-threshold bound-state, the spacetime 
supersymmetry is completely broken. In these respects, the Dp-brane propagating in the NS5-brane back- 
ground is much like excited Dp-brane (many excited open strings attached on it) in flat spacetime. Decay 
of the latter via closed string emission was studied extensively for p = 1 |35| : the decay spectrum was found 
to match exactly with the Hawking radiation of the non-extremal black hole made out of these excited 
D-branes, and the effective temperature of excited open string modes agrees exactly with the Hawking 
temperature. In this section, we shall find certain analogous results for the closed string radiation off the 
rolling DO-brane, though special features also arise. 

As the DO-brane is pulled in, acceleration would grow and radiate off the binding energy into closed 
string modes. Details of the radiation spectra would differ for different choice of the boundary conditions, 
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viz. for different boundary states of the DO-brane. In this section, as a probe of the black hole geometry 
and D-brane dynamics therein, we shall analyze spectral distribution of the closed string radiation off the 
rolling DO-particle. 

By applying the optical theorem, the radiation rate during the radion-rolling process is obtainable as 
the imaginary part of the annulus amplitude in the closed string channel. 18 Denote the differential number 
density dM (p, M) of the radiation at a fixed value of the radial momentum p and the mass-level M. By 
the definition of the D-brane boundary state, the radiation number density dM is then given in terms of 
the boundary wave functions: 

<W(p,M) := ^T^p J du(y(uj,p,M)\6(L + Lo)\y(uj,p,M) 
dv dM 1 2 

= ^m^K'^> m »I- (41) 

Here, u,p are the energy and the radial momentum in two-dimensional Lorentzian background, M is the 
total mass (conformal weight) of the remaining subspaces of dimension d (including mass gap), $>(u),p, M) 
is the boundary wave function (including that of the remaining subspace), and uj(p, M)(> 0) is the on-shell 
energy of the radiated closed string state determined by the on-shell condition Lq + Lq = including the 
ghost contribution. From the kinematical consideration, it is obvious that the differential number density 
( |4.I| ) is nonzero only when the D-brane is rolling. Of particular physical interest is the spectral distribution 
in the phase-space, as measured by the independent moments, e.g. 

(„™M») _ /*^ (P ,M)M» 5 ^|*( P ,.( P ,M))| 2 

for m,n = 0, 1, 2, We shall evaluate these spectral observables by first evaluating the integral over 
the radial momentum p by saddle-point approximation. In doing so, we pay particular attention to the 
asymptotic behavior as the mass-level M becomes asymptotically large. We shall then evaluate the integral 
over the mass-level (conformal weight) M, and extract the spectral observables. 

Consider the boundary state ( 3 . 3 1| ) describing a DO-brane absorbed by the future horizon. The radia- 



tion emitted by the DO-brane is decomposable into 'incoming' (toward the horizon) and 'outgoing' (toward 
the null infinity) components in the far future. The positive energy sector is expanded by the wave function 
U p , and has the following asymptotic behavior at t — > +oo: 

U*{p,t) ~ e- iujlnp ~ iujt + d(p,uj)e- p e +ipp -^ t where \d(p,u)\ ~ e~ np . (4.2) 

Here, we assumed u ~ M 3> 0. The first and the second terms correspond to the incoming wave supported 
around p = and the outgoing wave supported in the region p ~ +oo, respectively. The damping factor 
d{p) originates from the exact reflection amplitude TZ(p,tj). (See fl3.15|) , ( 3.16 ).) To obtain the radiation 



number density, we need to evaluate ^(p,^)! 2 x \U p (p, t)\ 2 . At far future infinity, the interference term in 



3 For the tachyon rolling process in flat spacetime background, the amplitude was evaluated first in Jj6| , ^?| . 
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\UZ\ 2 drops off upon taking the p-integral. Therefore, after integrating over the radial momentum p, the 
partial radiation distribution is seen to consist of the 'incoming' and 'outgoing' parts: 

-M 



N{M) in = 
M(M) out = 



dM 



M 



dM 



dTVin _ 
dM " 

dAA out 
dM 



dp 



1 



2?r 2w(p, M) 
° dp 1 



2vr %j{p, M) 



V(p,u)(p,M)) 



d(p) V(p,Lj(p,M)) 



(4.3) 



We shall now evaluate the branching ratio between the two radiation rates (fD|) with emphasis on possible 
string worldsheet effects. To this end, consider the conformal field theory defined by SL(2;R)/U(1) x A4, 
where SL(2;M)/U(1) denotes the (super)coset model and M. denotes a unitary (super)conformal field 
theory of central charge cm- Such (super)conformal field theory covers a variety of interesting string 
theory backgrounds. For the fermionic string, superconformal invariance asserts that the central charge 
ought to be critical: 



2 

1 + k 



+ cm = 15 



where k denotes the level of the super SX(2;R) current algebra. If the background describes a stack of 
black NS5-branes, Ai = SU(2)k x R 5 where k equals to the NS5-brane charge. Likewise, for the bosonic 
string case, conformal invariance asserts that the central charge should take the critical value: 

6 



2 + 



+ cm = 26 , 



(4.4) 



where now n refers to the level of the bosonic SL(2; K) current algebra. For the background describing the 
black hole in two-dimensional string theory, A4 is empty and k should be set to 9/4. 

It would be illuminating to analyze the branching ratio for the 'rolling closed string', viz. a closed 
string state of fixed transverse mass M and radial momentum p propagating in black hole geometry. The 
branching ratio is simply given by the reflection amplitude (see ( |3,24j )): 



■A/"out(p,w) 



Win(P, 



\K(p,u) 



closed string 



COsh 2 7T (^2^) 

cosh 2 7r(^±£) 



(4.5) 



As emphasized below ( p. 24 ), string worldsheet effects are present for the reflection amplitude 1Z itself but, 
being an overall phase, it drops out of (|4.5|). The fc-dependence enters in the branching ratio (|4.5|) only 



through the on-shell dispersion relation uj = p 2 + 2kM 2 . For two-dimensional case, first studied in || 
and [p9[| , k = 1/2, M = and uj = p, so the scattering probability is exponentially suppressed as the energy 
increases. 

For a fixed transverse mass M and the forward radial momentum p, the reflection probability of the 
infalling DO-brane is given precisely by the same result as (|4.5|) : 

. ,n COsh 2 7T (^o^) 

= \K(j>,u)\*= )£> . 

DO-brane c Osh 7r(^! ) 



A/out (P,w) 



(4.6) 
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This is simply because back-scattering of the boundary wave function originates from that of the closed 
string wave function: roughly speaking, the boundary wave function is defined by overlap of the closed 
string wave function with the classical trajectory of the DO-brane. 

Radiation out of the falling DO-brane is coherent, so we integrate over the radial momentum p as in 
( U.3| ) in extracting the branching ratio. We shall first analyze the partial radiation distribution at large 
mass-level, M — ► oo. More precisely, we shall examine asymptotic behavior of J\f{M) multiplied by the 
phase-space 'degeneracy factor' p{M) ~ e2 M ^ Hg , where /?H g denotes inverse of the Hagedorn temperature. 
The closed string states that couple to the boundary states are left-right symmetric, so we need to take 
the square root of the usual degeneracy factor in the closed string sector. Here, inverse of the Hagedorn 
temperature is given by 



for the superstring theory, and 



for the bosonic string theory, where the 1/k (l/«)-correction is interpreted as the string worldsheet effects 
of the two-dimensional background. These results are derivable from the Cardy formula with the 'effective 
central charge' c e fr = c — 24/i m ; n |40|1 , where h m { n refers to the lowest conformal weight of normalizable 
primary states. 

4.1 Radiation distribution in superstring theory 

Begin with the spectral distribution in superstring theories. We shall focus exclusively on the NS-NS sector 
of the radiation and defer the analysis of the R-R sector to section 6. The on-shell condition of closed 
string state in NS-NS sector is given by 

to 2 p 2 1 . 1 , lnS 

where A_A/j denotes the conformal weight of the .M-part. The on-shell energy is given by 

u) = oj(p, M) = \Jp 2 + 2kM 2 where M 2 = 2 ( A M + — - - - ) . 

\ 4k 2/ 

Consider now a DO-brane propagating outside the black hole and absorbed into the future horizon. The 



relevant boundary wave function was constructed in (3.31) and, from them, the differential radiation 



number distributions (|4.3| ) can be computed. At large uj and p, using Stirling's approximation, we find 
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that 



M{M\ 



dp 



1 



o 
1 

M 



^absorb (PO, t ;p,Ld(p,M)) 



2vr 2w(p, M) 

d pe + 7r ( 1 -i)p-' r \/p 2 + 2fcM2 



(4.10) 



AT(M) C 



o 
1 

M 



o 

dp 

oo 



d(p,u(p,M)) 



2uj(p,M) 



absorb 



(p ,t ;p,u(p, M)) 



— dpe 



-7r(l+i)p-7r^/p 2 +2A:M 2 



(4.11) 



o 



In the second lines, we have taken M large, viz. u>p>l, and keep the leading terms only. Thus, for 
each fixed but large M, the partial number distributions take the forms: 



poo poo 

Af(M) in ~ / dpa in (p)e~^ M and N(M) ont ~ / d p( r out 



(p)e" 



i/3Hw-W 



where 



0H\ 



2vrV2£; 



(4.12) 



(4.13) 



is the inverse Hawking temperature of the fermionic two-dimensional black hole. As discussed above, the 
radiation off the D-brane in NS5-brane background is analogous to the decay of excited D-brane in flat 
ambient spacetime. Indeed, asymptotic expression ( 4.12j ) suggests that open string excitations of energy 
M on the rolling DO-brane are populated as the distribution function exp(— ^P^ W M) and decay into closed 
string radiation. In this interpretation, the distribution function encodes change of available states for open 
string excitations on the DO-brane after emitting radiations of energy M. Curiously, 'effective temperature' 
of the excited closed strings is set by the Hawking temperature of the nonextremal NS5-brane, not that of 
a black hole that would have been made of the DO-brane. It is tempting to interpret this as indicating that 
the DO-brane represents a class of possible excitation modes of the black NS5-brane. The closed string 
states of energy M emitted by the DO-brane are certainly coherent, but according to this interpretation, 
they still can be recasted in effective thermal distribution set by the Hawking temperature of the two- 
dimensional black hole. In the next subsection, we shall account for the origin of such effective thermal 
behavior of the rolling DO-brane from the viewpoints of Euclidean cylinder amplitude between Dl-brane, 
extending the argument of |1] for the Hawking radiation of closed strings in the black hole background. 

The functions a in and <7 ou t are interpretable as the black hole 'greybody' factors for incoming and 
outgoing parts of the radiation. The factor 1/2 in the exponent of the Boltzmann distribution function 
reflects the fact that only left-right symmetric closed string states can appear in the boundary states and 
the radiated closed string modes. 

The 'greybody factors' a*(p) depend on the radial momentum p exponentially, so the radiation dis- 
tribution would be modified once the radial momentum p is integrated out. Below, we shall show this 
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explicitly. We are primarily interested in keeping track of string worldsheet effects set by the value of the 
level k. We shall consider different ranges of the level k separately, and focus on the asymptotic behaviors 
at large M via the saddle point methods. 

(i) k > 1 : 



This is the case for the black NS5-brane background. Consider first the incoming part. Since 1— \ > 0, 
the dominant contribution in the p-integral arises from the saddle point: 

k- 1 



P ~ P* 



1 - — 

J- 7, 



-_M . 



2k 



Substituting this to ( p~10D , we obtain 

M(M) h 



~2tvM \/ 1 — TTT- 



-±M/3 Hg 



(4.14) 

up to pre-exponential powers of M. Taking account of the density of states p{M) ~ e2 M * E) we find 
that p(M)M(M)[ n scales with powers of M, and is independent of k. More explicitly, for the black 
NS5-brane Ai = SU(2)k x R 5 , the incoming radiation distribution of the Dp-brane parallel to the 
NS5-brane yields 



M{M\ 



1 

M 
M 2 



(27T) 



5— p 



dpe 7r(1 ~£ )p-7r V^+ 2fc ( M2 + k i) 



o 



2 e 



Taking account of the density of states p{M) 
distribution is given by 



M' 



-3 



the average radiation number 



M 



P 

M~2 



where M D ~ C( 



1_. 

'5st' 



(4.15) 



This result coincides with the computations of [36, 37], and corroborates with the radion-tachyon 
correspondence. Interestingly, the incoming part of the radiation number distribution in the the 
nonextremal NS5-brane background is exactly the same as the distribution in the extremal NS5- 
brane background. Later, we shall examine carefully taking the extremal limit and its consequence 
in section [7|. As in the extremal case, ( 4.1 5| ) implies that nearly all the DO-brane potential energy is 
released into closed string radiations before it falls into the black hole. 

On the other hand, for the outgoing radiation, the far infrared p ~ dominates the momentum 
integral. We thus obtain 



M(M) 



out ~ e 



2-kmJ 
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displaying effective thermal distribution set by the Hawking temperature. Taking account of the 
density of states, 

P (M)N(M) oat ~ e^ M 
This is ultraviolet finite for any k since 



1 -«J-2=-2»( k - 1 » 2 < ' < 416 » 
We thus conclude that the radiation number distribution is mostly in the incoming part: 



M out (M)p(M) 



M- m (M)p{M) 



e 



-|/3hwM 27TM (j 1 _i_Jk 



\ V V ^ / ^ 1 

e \ * / <C 1 



falling DO e-^Hg^ 

Intuitively, this may be understood as follows: for the absorbed boundary state, the boundary 
condition is such that the DO-brane flux is directed from past null infinity to the future horizon. 
This also corroborates the observation that T tp -component of DO-brane's energy-momentum tensor 
is nonzero and increases monotonically as the DO-brane approaches the future horizon. The outgoing 
part of the distribution is exponentially small compared to the incoming part and exhibits effective 
thermal distribution at the Hawking temperature. Notice that, despite being so, this outgoing part 
has nothing to do with the Hawking radiation of the black hole. The latter is the feature of the 
background by itself. A priori, the outgoing radiation could be in a distribution characterized by a 
temperature different from the Hawking temperature. As mentioned above, it is tempting to interpret 
coincidence of the two temperatures as a consequence of maintaining equilibrium between the black 
NS5-brane and the DO-brane. 



(ii) \ < k < 1: 



This is the regime which includes the conifold geometry at k = 1. Since 1 — ^ < 0, the dominant 
contribution to the momentum integral is from p ~ 0, not only for the outgoing radiation but also 
for the incoming one. We thus obtain 

N{M) hl ~ AA(M) out ~ e" W f = e-fMfew ? (417) 

viz. both are in effective thermal distribution set by the Hawking temperature. All spectral moments 
are manifestly ultraviolet finite since, at large M, exponential growth of the density of the final closed 
string states is insufficient to overcome the suppression by the distribution. Thus, 

Ar out (M)p(M) 



~ 1 . 

falling DO 



AA in (M)p(M) 

We interpret this as indicating that the DO-brane does not radiate off most of its energy before falling 
into the horizon. 
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(iii) k = \ 



This special case corresponds to empty M. The two-dimensional background permits no transverse 
degrees of freedom of the string. The physical spectrum includes massless tachyon only, with M = 
and p(M) = 1. We now have a crucial difference from the previous cases for the on-shell configu- 
rations. The radial momentum p is fixed by the on-shell condition as u = ±p, so it should not be 
integrated over for the final states. Consequently, we cannot decompose the radiation distribution 
into incoming and outgoing radiations, and only the total distribution is physically relevant. 

We thus obtain the following large lo behavior of the radiation distribution: 

M(lo) ~ e" 2 ™ = e~^^ . (4.18) 

Again, we have found effective thermal distribution at the Hawking temperature! Notice the absence 
of extra 1/2-factor in contrast to the previous regimes. This is not a contradiction. In the present 
case, the transverse oscillators are absent and the string behaves as a point particle. Again, the 
DO-brane does not radiate off most of its energy before falling across the black hole horizon. 

4.2 Radiation distribution in bosonic string theory 

The analysis for the bosonic string case proceeds quite the same route. The boundary state for the infalling 
DO-brane includes the string worldsheet correction factor T ^1 + i-^z^j, where again k refers to the level 
of bosonic SL(2;R)/U(1) coset model. The on-shell condition now reads 

-£ + 4(i^) + 4(^2) +A - = 1 ' <" 9) 
where denotes the conformal weight in the .M-sector. This is solved by 

uj = oj( P , M) = A /^rP 2 + 2^M 2 where M 2 = 2 ( A M + - 1 - - 1 ) . (4.20) 
V k — I \ 4(k — 2) J 

The partial radiation number distribution at large M limit is given by: 

AA( M ) in ~ i_ dpe + 7r ( 1 -^2>-V^+ 2 ^ . (4.21) 

J 

AA(M) out ~ i- r dp e -< 1+ ^>-^^ pA+2KM " . (4.22) 
M Jo 

Thus, as in the superstring case, there can arise several distinct behaviors depending on how stringy the 
background is. 

(i) k > 3 : 

Consider first the incoming radiation part. Since 1 — > 0, the dominant contribution to the 
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momentum integral in (4.21) is from the saddle point 



k — 3 

P ~ P* = — ; ^ =M . 



2(k-2) 

We thus obtain, up to pre-exponential powers of M, 



7V(M); n ~ e _27rM V 2 ~ 2(7^27 = e -|M/3 Hg > 

where /3n g denotes the Hagedorn temperature of the bosonic string theory ( |4.8| ). In this way, we 
again find the power-law behavior of p(M)A/"(M)i n at large M , independent of the level k. 



For the outgoing radiation part, again the p ~ dominates the momentum integral in ( 4.22 ). The 
result is 

M(M) out ~ e-^Y 7 ! = e -^Hw . 

Here, 

/3hw = 27t\/2k 

is the Hawking temperature of the bosonic two-dimensional black hole. We then obtain 
p(M)Af(M) out ~ e H/ 3 H g -fe w )Af = e ^[^2-3p^-Vf] . 

As in the superstring case, the exponent is always negative definite: 

1 \ k (k-3) 2 

* < . 



2{k-2)J 2 2(as-2) 
so the outgoing radiation distribution (as well as spectral moments) is manifestly ultraviolet finite. 

Physical interpretation of the above results is the same as the superstring case: The DO-brane falling 
into the black hole has nonzero component T tp of the energy-momentum tensor, and entails that 
dominant part of the closed string radiation is incoming toward the future horizon. The outgoing 
part of the radiation is exponentially suppressed, and is in effective thermal distribution set by the 
Hawking temperature. Again, this distribution is distinct from the Hawking radiation of the two- 
dimensional black hole. As for the fermionic string, the branching ratio is exponentially suppressed. 

(ii) | <k<3 : 

In this regime, 1 — < an d the momentum integrals for both incoming and outgoing radiation 
distributions are dominated by p ~ 0: 

AA(M) in ~ AA(M) out ~ e~^ M v 7 ! = e ~W^ . 

Both are in effective thermal distribution at the Hawking temperature, and all spectral moments are 
manifestly ultraviolet finite since, at large M, the growth of the density of state does not overcome 
the suppression by the distribution. The branching ratio remains order unity. 
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(iii) k=1 : 

This is the most familiar situation: black hole in two-dimensional bosonic string theory, originally 
studied in g. The physical spectrum of closed string consists only of the massless tachyon, so we 
again need to set M = and p(M) = 1. The calculation is slightly more complicated than the 
supersymmetric case: The canonically normalized energy is 

E = ^cv = V2p , 

so we obtain 

N{E) ~ e ^( 1 ~ T ^) P_W V / ^ P = g-Sv^TrE = e -B/3 Hw _ 



It again shows effective thermal distribution of the radiated closed string modes at the Hawking 
temperature: /3h w = 2tt^/2k = 3tt^/2. 



4.3 Radiation distribution for emitted or time-symmetric boundary states 

The closed string radiations for the other types boundary states, viz. the 'emitted' ( p.33| ) or the 'symmetric' 
( |3"lS7| ) DO-branes, can be studied analogously. 

For the emitted DO-brane boundary state ( |3.33| ), by the time-reversal, we should observe the radiation 
distribution at the far past: t ~ — oo. The relevant decomposition corresponding to ( |4.2| ) is given by 
(assuming uj > 0, p > 0) 

V*(p,t) ~ e iujhlp ~ iujt + (T{p,u)e- p e- ipf> - iu]t , (4.23) 



where the first term is supported near the past horizon and the second term corresponds to the incom- 
ing wave from the null infinity. Obviously we find precisely the same behavior of the radiation distri- 
bution as the absorbed DO-brane once the role of 'in' and 'out' states are reversed. So, for k > 1, 
M(M) in ~ exp(-i/? H „M) while M(M) out ~ exp(-i/3 H gM) and, for 1 > k > 1/2, M(M) in , M(M) out ~ 
exp(-i/3 Hw M). 

Consider next the boundary state describing DO-brane in symmetric boundary condition ( |3.37| ). Re- 
calling the relations ( p. 36 ), one finds that the radiation rates are simply obtained by adding contributions 
from 'absorbed' and 'emitted' DO-brane boundary states. So, the radiation distributions behave as N{M)- m , 
N{M) out ~ exp(— i/?H g M) for k > 1 and the dependence on Hawking temperature disappeared. 19 We then 
find that the 'detailed balance' M{M)- m = N(M) out is obeyed. This is as expected since the boundary state 
( 3.37] ) is defined so that it keeps the time-reversal symmetry and the one-particle state unitarity manifest. 



19 Dependence on the Hawking temperature exponentially suppressed, so completely negligible compared to other power- 
suppressed subleading terms. 
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4.4 Revisit to the radiation distribution: thermal string propagator 



We shall revisit the radiation distribution and discuss salient features of the distribution from another 
different angle. Argument we shall present here would be somewhat heuristic, but we feel it quite helpful for 
grasping physical intuition and for understanding how the effective thermal behavior of the radiation comes 
about. This argument is similar to the one given in ||, where thermal distribution of the Hawking radiation 
in the two-dimensional black hole background was observed via the closed string thermal propagator. Our 
foregoing discussion is an extension of theirs to the open string sector. 

Consider the thermal cylinder amplitude for the Dl-brane on the Euclidean cigar (p7T8|). 20 Schemati- 
cally, the amplitude is evaluated as (we omit the parameters po, 9q for simplicity) 
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mfcii > o 
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mfc£, >0 



(.4.24) 



Here, p is the radial momentum, n is the Kaluza-Klein momentum around the asymptotic circle (thermal 
circle) of the cigar geometry, M is again the transverse mass in the .M-sector, p c (M) is the density of 
the closed string states, and fe w = 27ry / 2A; is the inverse Hawking temperature. We now Wick rotate the 
cylinder amplitude by contour deformation of the q- integration in the manner similar to ||. By formal 
manipulation q -> iu 21 and ^flLder ~^ Cylinder' we obtain 



A 



(L) 

cylinder 



ft, 
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dp 
2^ 



sfpjM) 



duj |^Di (P,|ffew)| 2 _ 2m 
2tt p 2 + M 2 -uj 2 + ie 



Dl 



Pi 2 TT 



W p> M 



,(4.25) 



where we denoted uj P) m = \/ P 2 + M 2 for the on-shell energy and used the identity 



1 P> 2tT 



,t, I luJ p,M a 

1 P> 2tT^ 



Since \^ di (p, f^fe"")! 2 * s proportional to exp(Afe w |u;|), the first term (including the Feynmann propa- 
gator) gives rise to an ultraviolet divergent contribution. This is not surprising and reveals the reason 



why the naive Wick-rotation of ( [2,18 ) is not viable. The second term (= A 



(L) , 
thermal' 



exhibits an effective 



20 To be more precise, we consider the fermionic black-hole of level k and focus on the space-time bosons. If the space- 
time fermions are considered, the thermal Kaluza-Klein momenta should be half integer- valued n G 1/2 + Z instead of being 



integer-valued n £ Z as for the bosons. This change leads to the Fermi-Dirac distribution (e^Hv 
Bose-Einstein (e' 3 Hw' J p Jf — l) -1 in the following argument. 



+ 1) instead of the 



Here, to make comparison with M easier, we normalized uj, p as Lo = 



■ , rather than Lo = —ttu 2 + 
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thermal distribution. More pertinently, this term contributes to the imaginary part of the thermal cylinder 
amplitude we are interested in. Indeed, it yields the anticipated behavior: 

2 



1 Pi ^" Hv 



~ ^5(7(|j)e-^,« ; (4.26) 

and reproduces the previous results ( |4.12| ) including the correct greybody factor cr(p) and the density of the 
radiated closed string states yj pc(M) ~ p(M). Recall that, in our construction of the Lorentzian boundary 



states, the damping factor was crucial, which reads in the present conventions as sinh(7rv / 2/cp) cosh 1 (tt y ^{p+ 

uj)) cosh -1 (-7T \J\(jp — u)). At large uj or large p, this damping factor shows the same asymptotic behavior 
as the Boltzmann distribution function (e^Hw^ ± In this sense, our prescription of Wick-rotating 

the Euclidean boundary states would be roughly identified with the prescription of keeping only the finite 
second term in ( 4.25| ). This then explains origin of the effective thermal distribution as derived from the 
Lorentzian boundary states. 

As yet another viewpoint, consider the thermal cylinder amplitude (4.24) in the open string channel. 
For simplicity, concentrate on the asymptotic region p > 0. The hairpin Dl-brane ( 2.18 ) appears just 
as two halves of the Dl-Dl system, which put open strings around the thermal circle to obey Dirichlet 
boundary condition (so, identified as the 'sD-sD system' ||), as pointed out in |13| ]. In this set up, for 
simple kinematical reasons, we find on-shell closed string states in the cylinder amplitude, while only off- 
shell states in the open string channel. As discussed e.g. in [41|, using the modular transformation, it can be 
shown that the thermal distribution of physical closed string states emitted/absorbed by the sD-sD system 
is captured by the unphysical open string winding modes along the thermal circle. 22 Especially, unit of the 
winding energy should determine temperature of the thermal distribution of closed string states coupled 
with the sD-sD system. In the present case, it is identified with the interval of the hairpin (= ^/3hw)j 
which is just associated to the open string stretched between Dl-Dl. (Notice that, taking suitably the 
GSO projection into account, we can check that the zero winding modes, i.e. the Dl-Dl or Dl-Dl strings, 
are canceled out. See [flSfi.) This would be the simplest explanation for the reason we get the effective 
thermal distribution exp(— ^/3hw^p,m) from the cylinder amplitude ( 4.24|) . 

As already noted in footnote 9, all the regular geodesies of the DO-brane motion are just straight 
lines in the Kruskal coordinates. Once Wick-rotated back to the hairpin profiles of Euclidean Dl-brane, 
this means that they all have the same interval ^/3hw around the thermal circle. This observation leads 
us again to the same effective thermal behavior ( |4.12| ) characterized by the Hawking temperature (before 
integrating p out), 23 as is already pointed out. 

22 This is a simple extension of the standard argument concerning the thermal toroidal partition functions |4^| . For instance, 
the Hagedorn behavior is interpretable as the tachyonic instability due to the unphysical winding modes around the thermal 
circle. 

23 One might ask why the DO-brane motion with different 'temperature' is not considered. Such case corresponds to singular 
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5. 'String - Black Hole' Transition 



It has been a recurrent theme [38| that an elementary particle or a string is a black hole: a configuration 
consisting of (multiple) strings with high enough total mass is equivalent to a black hole of the same 
mass and other conserved charges. This brings a question whether a given configuration is most effectively 
described in terms of strings or black holes. By the string - black hole transition, we will refer to such change 
of the effective description for a configuration involving massive string excitations. Roughly speaking, the 
string is dual to the black hole and vice versa. 

An immediate, interesting question is whether the two-dimensional black hole geometries is also sub- 
ject to the string - black hole transition and if so what precisely the dual of the geometries would be. In 
this section, we shall investigate this transition by studying rolling dynamics of a DO-brane placed on the 
background. If the background undergoes the transition between the black hole and the string configura- 
tions, propagation of a probe DO-brane would be affected accordingly. The transition is triggered by k or 
K, which measures characteristic curvature scale of the background measured in sting unit and hence string 
worldsheet effects. We shall explore a signal of the transition by examining spectral distribution of the 
closed string radiation out of the rolling DO-brane. Other physical observables associated with DO-brane 
would certainly be equally viable probes. Though straightforward to analyze, in this work, we shall not 
consider them. 

5.1 Probing 'string - black hole' transition via D-brane 

In the previous section, we observed that N{M)- m 3> AA(M) out for both the supersymmetric and bosonic 
string theories in case the string worldsheet effects are weak enough, viz. k > 1 and k > 3, respectively. 
Obviously, such behavior is interpretable as indicating that the background on which the radiative process 
takes place is indeed a black-hole: DO-brane falls into the horizon and subsequent radiation is mostly 
absorbed by the black hole. On the other hand, the behavior that M(M)- m ~ M(M) out "C p(M)^ 1 for 
k < 1 or k < 3 does not seem to bear features present in the black hole background: while DO-brane 
falls inward, subsequent radiation is not mostly absorbed by the black hole but disperse away. Since this 
is the regime where the string worldsheet effects are significant, the background may be described most 
effectively in terms of strings. We are thus led to conclude that the background, whose stringy effects 
are controlled by the parameter k or k, would make a phase-transition between the black hole and the 
string across k = 1 or k = 3. In a different physical context, this so-called 'black hole-string transition' 



was studied recently [2C, 21 1. What distinguishes our consideration and result from [20, 21] is that we are 
probing possible phase-transition of the (closed string) background by introducing a DO-brane in it and 
studying open string dynamics. 



hairpin profiles and hence to singular Lorentzian trajectories of the DO-brane. They cannot be solutions of the DO-brane's 
DBI action because of discontinuity of the velocity at the singular points. Quite interestingly, this feature is strikingly similar 
to the original Hawking's prescription for black hole temperature: demanding the Euclidean geometry smooth, we can fix 
asymptotic periodicity of the Euclidean time and read off the temperature characterizing the radiation from the black-hole. 
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Possible existence of such a phase transition was first hinted in in the closed string sector, where 
they observed that the N = 2 Liouville superpotential becomes normalizable once k > 1 and it violates 
the Seiberg bound. Recall that the marginal interaction term is 

S± = ^F e -£W±ir) , (g = (5.1) 
for the M = 2 Liouville theory, and 

s ± = e -i(*±«) _ e -^^tr {Q = y / 2/{K _ 2)) } (5 . 2) 

for the bosonic sine-Liouville theory, respectively. Both interactions are normalizable (exponentially falling 
off in the asymptotic far region) if the curvature is sufficiently small that k > 1 or k > 3 is satisfied. 
As is well-known, N = 2 Liouville or sine-Liouville theory is T-dual to the SL(2;M)/U(1) coset theory 



[44, ^4|, [45]] , so the condition on the level k or k ought naturally to descend to the two-dimensional black 
hole description. Indeed, such aspect was discussed in [^] purely in the language of the 5L(2;lR)/f7(l) 
coset theory (see also E^j). Their reasoning is closely related to the non- formation of the black hole in 



two-dimensional string theory (see also [46] for the discussion concerning this issue from the matrix model 
viewpoint). In the strong curvature regime, k < 1, the background is described more effectively in terms 
of the N = 2 Liouville theory as it is weakly coupled. Evidently, the black hole interpretation of the 
SL(2; 1H)/U(1) theory is less clear in this region, because the classical N = 2 Liouville theory does not 
admit an interpretation in terms of black hole geometry in any obvious way. 

We emphasize that such string - black hole transition is not likely to arise perturbatively and could 
arise only from nonperturbative string worldsheet effects. For instance, tree-level closed string amplitudes 
are manifestly analytic with respect to the level k. These amplitudes exhibit a finite absorption rate (thus 
displaying the non-unitarity of the reflection amplitudes) regardless of the value of k. In fact, finite-A: 
correction to the amplitudes yield an irrelevant phase-factor [||, p9[ . 

However, as was first observed in jnj, situation changes drastically if we consider the closed string 



radiation from the rolling D-brane in such a background. In [14], it was shown that the distribution 



of radiation off DO-brane in extremal NS5-brane background becomes ultraviolet finite for k < 1. In the 



previous section, extending the analysis of [14|, we have shown that the k = 1 transition shows up manifestly 
in the open string sector in the sense that branching ratio between the incoming and the outgoing radiation 
distribution (as well as spectral moments) behaves very differently across k = 1. Remarkably, retaining 
finite l/A;-correction, which originated from consistency with the exact reflection relations, was crucial in 
obtaining physically sensible results even for k S> 1. Cancellation between the radiation distribution and 



24 Another interesting observation related to the k = 1 transition is the following. If we consider a two-dimensional U(l) 
gauge theory in the ultraviolet that flows to SL{2; W)/U(l) coset theory in the infrared (as was introduced in |^f| to prove 
the mirror duality to the M = 2 Liouville theory), the central charge of the (7(1) gauge theory is given by 9. Since the IR 
SL(2; R)/(7(l) coset theory has a central charge c = 3(1 + f), there is an apparent contradiction to Zamolodchikov's c-theorem 
if the level k < 1 is considered. However, we should note that SL(2;M)/U(1) coset theory is dilatonic so that the effective 
central charge is always given by 3. 
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the exponential growth of the density of states at large M is quite nontrivial, and relied crucially on precise 
functional dependence on k. 

An 'order-parameter' of the transition is thus provided by the radiation distribution of rolling D-brane. 
The phase transition across k = 1 is that while the radiation distribution from the falling D-brane exhibits 
power like ultraviolet divergence for k > 1, it becomes finite for k < 1. Thus, the rolling D-brane in the 
k < 1 regime does not yield a large back-reaction unlike the k > 1 case. This is also consistent with 
the assertion that black hole cannot be formed in the two-dimensional string theory: It seems difficult 
to construct two-dimensional black hole by injecting D-branes to the linear dilaton (or usual Liouville) 
theory. 25 

It is also worth mentioning that the radion-tachyon correspondence is likely to fail in the two- 
dimensional string theory (k = 1/2). In fact, had we have such a correspondence, the rolling radion 
of the DO-brane could be identified with the rolling tachyon of the ZZ-brane in the Liouville theory. On 
the other hand, it is known that the radiation distribution of the-ZZ brane exhibits a powerlike ultraviolet 
divergence [47] at leading order in string perturbation theory, while that of the falling DO-brane does not. 



5.2 Holographic Viewpoint 

The string - black hole transition across k = 1 also has a natural interpretation in terms of the holographic 
principle, as recently discussed in pi]]. Adding Q\ fundamental strings to k NS5-branes, one obtains 
the familiar bulk geometry of the AdS^/ C FT2-duality. In this context, the density of states of the dual 
conformal field theory is given by the naive Cardy formula S = 2it^J~^ L + 2iryJ with c = 6kQi for 
k > 1, but not for k < 1. Rather, the central charge that should be used in the Cardy formula is replaced 
by an effective one c e g- = 6Qi(2 — r) |4(|- The similar effects also showed up in the double scaling limit 
of the 'little string theory'(LST) [§4|]. 26 We shall now show that such change of the central charge is also 
imperative for reproducing the closed string radiation distribution correctly from the dual holographic 
picture. 

It is an interesting attempt to reproduce the phase transition in the radiation distribution of rolling 



D-brane across k = 1 from the holographic viewpoint. In [15], it was proposed that the rolling D-brane 
should correspond to the decay of a certain defect in the dual LST. We shall now extend that analysis 
to the k < 1 case and explore the phase-transition. The relevant holographic description is based on the 
following two assumptions. 

1. fixed radiation number distribution : The radiation distribution for a fixed mass M is determined by 
large k behavior of the pressure in the far future (past). This is equivalent to the statement that the 



25 Such a possibility was proposed in pp|. 

26 Even though the original 'little string theory' is the theory of NS5-brane, so k should be positive integer-valued, one can 
also consider models with fractional value of the level k, which is less than 1 generically. This is achieved by considering 
the wrapped NS5-brane backgrounds, or compactifications on a Calabi-Yau threefold having rational singularity ^8|. From 
the regularized torus partition function, one can prove that there is no normalizable massless states (corresponding to the 
'Lehmann-Symanzik-Zimmerman-poles' 0]) in such string vacua if k < 1, as was discussed in e.g. 
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decay of the radion is described by a 'holographic tachyon condensation'. We assume that there is 
no phase transition at k = 1 for a fixed mass M. 27 In our convention, the distribution is given by 

Af(M) LST ~ e-Wi . (5.3) 

2. change of density of states: The final density of closed little string states in the 'holographic tachyon 
condensation' is given by the square root of the full nonperturbative density of states in LST. As is 



discussed in [21], the full nonperturbative density of states of the LST is believed to exhibit a phase 
transition at k = 1: for k > 1, the density of states is related to the Hawking temperature as 

n(M) LS T ~ e 4 W I . (5.4) 
In other words, the Hagedorn temperature in LST should be equated with the Hawking temperature 



|| (see also, e.g. |§ 13 HI)- 

On the other hand, for k < 1, because of the non-normalizability of the black hole excitation, the 
nonperturbative density of states of the LST is equivalent to the density of states of the (dual) 



perturbative string theory [21]: 



n(M) LS T ~ e V 2k 



(5.5) 



With these assumptions, we can estimate the average radiation number of the 'holographic tachyon con- 
densation' to be 



77] 



LST 



dMM(M) y/n(M) 



LST 



Note that, in contrast to the bulk string theory calculation, we have no integration over the radial momen- 



tum. Substituting (5J3) and (5.4) or (5.5) according to the value of k, we obtain 



17 I ji,f -2ttMJ^+27tMJ^ 

Jv LST ~ / dM e V 2 v 2 



for k > 1, showing powerlike ultraviolet divergent behavior because of the complete cancellation in the 
exponent, and 

A7 LST ~ l^dMe-Wt+W 1 ^ , 
for k < 1, showing exponential suppression in the ultraviolet. It is easy to see that this holographic 



dual computation reproduces the bulk computation presented in section 4.1 up to a subleading power 
dependence (J03J), (|4l^). 28 



■^Theoretically, there is no reason to exclude a finite 1/k correction here. We only need this assumption phenomenologically 
in order to reproduce the ten-dimensional calculation even for k > 1. A priori, the tachyon condensation (in the critical 
bosonic string) itself may receive large string worldsheet corrections. In the Dirac-Born-Infeld action analysis, such potential 
corrections were completely dropped out. 

28 The exact determination of the pre-exponential power part is beyond the scope of the rough estimate presented here. It 
requires the full computational ability in the LST. 
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It should be noted, however, that the cancellation between the radiation distribution and the density 
of states has a different origin in the dual holographic description as compared to the bulk side. In the 
holographic description, the origin of the phase transition is the nonperturbative density of the states in 
LST while the radiation distribution at a fixed mass-level M keeps its functional form unchanged. On the 
other hand, in the bulk theory, origin of the cancellation was that the radiation distribution changes at 
k = 1 due to the disappearance of the non-trivial saddle point in the integration of the radial momentum 
p, while the density of states is always given by the same formula. Thus the agreement between the 
two descriptions is quite non-trivial and we believe that our results provide yet another evidence of the 
holographic duality for the NS5-brane and blackhole physics. 

Though we presented the dual description based on some assumptions, we can turn the logic around and 
regard our results as a support for such assumptions. In particular the quantum gravity phase transition 



at k = 1 in the dual theory proposed in [21| is crucial for understanding the radiation distribution out of a 
defect decay in the dual LST. We thus propose our discussion in this section as a strong support for string 
- black hole transition. 

6. Boundary States and Radiation in the Ramond-Ramond Sector 

In the case of fermionic black hole background, the rolling DO-brane would also radiate off closed string 
states in the Ramond-Ramond (R-R) sector. In this section, we shall construct R-R boundary state of 
the DO-brane and compute radiation rates. Since the worldsheet theory corresponds to N = 2 supercon- 
formal field theory, correlation functions of the R-R sector and boundary states are readily obtainable by 
performing the standard N = 2 spectral flow. 

We shall begin with discussion regarding properties of reflection amplitudes for the R-R sector (see 



[39] in the context of 2D black hole). Recall that the reflection relation was given in the NS-NS sector as 
U- p (P,tf S = K* s (-P,u)UV(p,tf s and K^(p,i) NS = K^*(-p, u)V*(p, *) NS , 



where the exact reflection amplitude 1Z (—p,uj) was defined by 

K Ns M _r(i + f)r(+#(i-^) 



r(i-f)r(-,j>)P(i + i£ 



To obtain the reflection relation of the R-R sector, we shall perform the spectral flow by half unit of the 
N = 2 U(l) current. 

In sharp contrast to the N = 2 Liouville theory, the reflection amplitude now depends on the spin 
structure of the R-R sector. 29 Explicitly, the spectral flow is defined as to — ► u> db i, where the + sign 
corresponds to spin (+, — ) states and — sign corresponds to spin (— , +) states (in the (^, |) picture): in the 
p — > oo limit, they are described by s^e~ p e~ tpp ~ tU)t and the conformal weight is given by h = p +1 + |. 



'This is because, in the N = 2 Liouville theory, the reflection amplitudes for the momentum modes have a symmetry under 
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Therefore, for the R-R states with spin (+, — ), the exact reflection amplitudes become 



r(i + f)r(+^)r 2 (i-^; 



(6.1) 



(6.2) 



T(l-^)T{-ip)Tm + i^) 
Equivalently, if we take spin (— ,+) R-R states, the exact reflection amplitudes become 

r(i - f )T(-i P )TH+i'-^ ) 

It is important to notice that the latter amplitudes have a second order zero in the light-cone direction 
p = uj > (recall that p > in our convention). Similarly, we could derive the reflection relation for 
(±, ±) spin structure, but the resultant amplitudes are compatible only with the analytic continuation to 
the 'winding time' (in the interior of the singularity), so we would not delve into details anymore. 

Consider next the boundary wave function of the R-R sector. For definiteness, we shall take the 
absorbed DO-brane ( 3.31 ) (We focus on the to = case for simplicity.) 

dp r°° dto 



absoib(B, NS; po| 



2vr 



2vr 



where 



absorb 



:NS(P0!P,W) 



r(i-z^)r(i-i^) 
r(i - i P ) 



"Wo 



cosh (tt£=^) 
cosh (tt^tt^) 



Hppo 



The boundary wave functions of the R-R sector are then derived by applying the J\f = 2 spectral flow 
to — > uj ± i: 



*absorb:R+(/Oo;P 5 ^ 



1 r(i -ip) 



-IVI-H) 



+ 



sinh (vr^2^) 
sinh (tt^) 



-wo 



and 



absorb 



r(l - iEfL)T(-i^^ f 1 _ %v 



r(i - ip) 



r i + 



k 



e~ ipp0 + 



sinh (tt^y^) 
sinh (tt^) ' 



,+Wo 



for the two opposite spin structures. These boundary wave functions are of course consistent with the 
exact reflection amplitudes ( |6 . 1|) , (|6T^ ) . 

From these boundary wave functions, we can deduce some physical properties of the boundary states 
in the R-R sector: 

• For k > ^, in the saddle point approximation of the radial momentum integral, radiation distribution 
of the R-R sector behaves the same as that of the NS-NS sector. In particular, the absolute value of 
the reflection amplitudes behave in the similar manner. Thus, the radiation distribution of the R-R 
sector is the same as that of the NS-NS sector. 
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• For k = |, viz. the two-dimensional black hole, considerable differences arise. Both boundary wave 
function and reflection amplitudes show singularity (or zero) when we take particular spin structure. 
It is not clear what the origin of these singularities of lightlike on-shell states p = uj would be. We 
note that some related discussions were given in [|39f| . 

• In the mini-superspace limit k — > 00, the mass gap in the R-R sector vanishes. Therefore, it is 
well-posed to question radiation of the massless R-R states off the R-R charge. ^From the boundary 
states given above, we observe that, assuming p, uj > 0, there is no lightlike pole in R+ state while 
there is a pole at p = +uj in the R— state. It is also interesting to note that, in the subleading 
contribution proportional to e +ippo , the pole from the gamma function is cancelled by the zero in the 
sinh(7r2^) factor. 

A possible interpretation is that, roughly speaking, R-R charge is localized on the incoming light-cone 

p = UJ. 30 

7. Back to Extremal NS5-Brane Background 

By tuning off p — > 0, we are back to the extremal NS5-brane background. Roughly speaking, the extremal 
background is described by the free linear dilaton theory, but crucial differences from the non-extremal 
counterpart studied in this work are the followings: 

• We have no reflection relation, and the p > and p < states should be treated as independent 
states. 31 

• The conformal field theory description is not effective in the entire space-time: the string coupling 
diverges at the location of the NS5-brane. We cannot completely trace the classical trajectory of the 
DO-brane ( |3.2| ) without facing strong coupling problem. 

We thus have to keep it in mind that the validity of the conformal field theory description of extremal 
NS5-brane is limited to the sufficiently weak string coupling region. 

For the extremal NS5-brane, since the relevant conformal field theory involves linear dilaton and hence 
is a free theory, we can introduce the basis of the Ishibashi states as \p, to)), (p, uj G M) associated with the 
wave function ipZip, t) oc e -p e ~wp-iut Another non-trivial difference from the non-extremal case is the 
volume form of the space-time. Since we have the linear dilaton = const — p and a flat metric Gij = r]ij, 
the relevant volume form becomes 

dVol = e'^VGdpdt = e 2p dpdt . (7.1) 

30 This is true only in the asymptotic region p — > 00 since the distribution near p — is further related to the basis of 
Ishibashi states used in the expansion. In the case of 'absorbed' basis, there is no contribution from the past horizon. In 
addition, because the reflection amplitude vanishes in the R— sector, an observer at p — > 00 do not detect any outgoing wave. 

31 In this sense, the arguments given in |H| are not completely precise, although the main part of physical results, say, the 
closed string radiation rates, are not altered. 
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Now, the classical trajectory of DO-brane in the extremal NS5-brane is given by 

2cosh(t - t )e p = e p0 . 



The boundary state describing the DO-brane moving along ( |7.2[) ought to have the following form: 



(B;po,to\ 



dp f°° du T/ 

2tt / 27r *^ '*°' p ' a; )\vP' w l 



(7.2) 



(7.3) 



The boundary wave function is evaluated as 

y(po,t ;p,u) ~ J dv5(2cosh(t-t )e p -e p0 ^je 



dte- ippo e- iujt 



2 cosh(t — to) 



/>!, \ t —p—ipp-iwt 
ip—1 



L/l .p + u 1 .p — oj 

-B i , i 

2 2 2 2 



D -ippo-iuito 



(7.4) 

In the last expression, we used the formula ( [A.2j ). This is essentially the calculation given in fi~3f| . Finally, by 
restoring the important 'worldsheet correction factor' T (l + z| ), 32 we obtain the boundary wave function 



-ippQ—iuito 



_ 1 .p±u> 

where u+ = % 

± 2 2 



This is the extremal counterpart of the 'symmetric DO-brane' in the non-extremal NS5-brane background 

We can also consider the 'half S-brane' counterpart by taking the Hartle-Hawking contours depicted 
in the Figures ^| and ||. Namely, for the 'absorbed brane', we obtain 



absorb 

and for the 'emitted brane', 

emitted 



00 dp r°° da; + r° dp r° <U' 
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dp 
2^ 



2tt 



da; 
2^ 



^(po,to;p,uj) {(p,u>\ ■ 



(7.5) 



(7.6) 



They are regarded as the counterparts of (^J) and fl3,5| ). 

The radiation rates were already evaluated in [|i~3| , |l5| , 33 Crucial differences from the non-extremal case 
are the followings: We have the 'forward radiations' (e.g., the incoming radiation for the absorbed D-brane 



Since in this case we do not have the reflection relation, the inclusion of the factor T (l + i% ) may sound less affirmative 
than the nonextremal NS5-brane background. We argue that the procedure is actually justified by considering the limit from 
the non-extremal case. 

33 In this paper, we scaled energy and momentum differently from Jl3| ]. In light of normalization as in (4.9), ui,p in this work 
should be read as times oj,p in pjl. 
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( |7.5| )) only and no 'backward radiations' (e.g., the outgoing radiation for the absorbed D-brane). This is 
because there is no reflection relation in the extremal case. The forward radiations behave in the completely 
same way as the non-extremal case (that is, in a fermionic two-dimensional black hole with k > 1), giving 
rise to the Hagedorn-like ultraviolet divergence again. At fixed but large M before integrating over p, the 
partial radiation number distribution takes again exactly the same asymptotic form as in ( [4.12 ) except that 



now the coefficient 27rv2A; is not interpretable as the inverse Hawking temperature of the black hole. 34 
Again, this has to do with the peculiarity that the Hawking temperature of the two-dimensional black 
hole is set by the level k, not by the nonextremality p. On the other hand, the absence of the backward 
radiation matches with the extremality of the background; there is no Hawking radiation. 

8. More on Physical Interpretations : Hartle-Hawking States 

We shall now revisit the boundary states we constructed in this work and elaborate further on their 
physical interpretations with particular emphasis on analogy with the rolling tachyon problem via the 
radion-tachyon correspondence. We also elaborate on the fate of R-R charge carried by the DO-brane. To 
be concrete, we shall focus on the cases k > 2 admitting interpretation in terms of near horizon geometry 
of black NS5 branes. 

The boundary state ( |3.31 ) describes the late-time rolling (t 3> to) of the DO-brane rolling into the 



black NS5 branes. The relevant DO-brane has the initial condition p = po, -£ = at t = to and starts to 
roll down toward the black hole. After sufficiently long coordinate time elapsed, the DO-brane gets close 
to the future horizon (TC + ). As examined in section 4, almost all energy of the DO-brane is absorbed by 
the black hole in the form of incoming radiation. The incoming radiation is dominated by very massive, 
and hence highly non-relativistic closed string excitations. Via the radion-tachyon correspondence, these 
states are identifiable with the 'tachyon matter' in the rolling tachyon problem in flat spacetime. On the 
other hand, we have seen that a small part of energy escapes to the spatial infinity (I + ) as the outgoing 
radiation. We have seen that the spectral distribution is characterized by the Hawking temperature, and 
is necessarily dominated by light modes. This interpretation is quite natural from the viewpoint of the 
radion-tachyon correspondence for the extremal NS5-brane background |7|]. Since we are now working 
with the non-extremal NS5-brane background, our analysis may be considered as an evidence that the 
correspondence is valid even at finite temperature. 

What about evolution in the far past t < to? Here, we face a subtlety. Recall that the boundary 
condition defining ( |3.31| ) does not allow contributions from the past horizon (H~), namely, the basis of 
Ishibashi states \p, oj)) U does not reproduce the past half of the classical trajectory Rather, the 

NS-NS sector of the DO-brane boundary wave function appears widely distributed in the space-time in the 
far past. This may be interpreted as radiations imploding to p = po from spatial infinity, but then it is 
subtle to trace the R-R charge carried by the DO-brane, created out of the imploding radiation. Classically, 



34 An obvious alternative interpretation could be that, even for extremal background, the falling DO-brane excites the NS5- 
brane above the extremality. 
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the DO-brane charge density ought to be localized along the classical trajectory (|3.2| ) and hence emanates 
from the past horizon. Once stringy effects are taken into account, the charge appears to originate from 
asymptotic infinity along the light-cone coordinate. Complete understanding of this curious feature is 
highly desirable but we shall relegate it to future study. Here, instead, we present a simple prescription of 
avoiding this subtlety: a version of 'Hartle-Hawking' boundary condition. 

We shall first focus on the absorbed DO-brane boundary state ( |3.3l| ). Formally, by construction, we 
can regard the boundary wave function specified by the time-integration over the 'real contour' C = R as 
in ( |3.6| ). Now, let us discuss what happens if we choose the 'Hartle-Hawking' type contour instead of the 
real contour, which connect the Euclidean time with the future or past half of real time axis at t = to: 

^future = (*0 + « T ) U (t + R+) , C** = (t + * T ) U (i + R-) • (8.1) 

More precisely, we should avoid suitably the branch cuts on to + iR to render the integral convergent. See 
Figures ||| and || for details. The superscript + (— ) is associated with the positive (negative) energy sector. 
Note that the phase-factor e~ lu)t behaves well on the lower (upper) half of complex t-plane if u is positive 
(negative). Let us pick up Cf utur e- Following the traditional interpretation of the Hartle-Hawking type 
wave function, we may suppose that both the DO-brane and black NS5-brane are created from 'nothing' at 
t = to, and then the DO-brane starts to fall down toward the future horizon along the classical trajectory 
( |3.2| ). In this prescription, the subtlety we mentioned above is completely circumvented. 



5n/2 




-3%/2 



< 



Figure 4: 'future Hartle-Hawking contour' : the red (green broken) line is the contour Cjt ture for u > (CZ t for 
u> < 0). The '27 ('i?') contour should be used if calculating the overlap with L^(p,t) (R^,(p,t)) for the convergence 
of integral. 
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Figure 5: 'past Hartle-Hawking contour' : the red (green broken) line is the contour Cp ast for uj > (C past for 

LU < 0). 



One may paraphrase the prescription as follows: choosing the Hartle-Hawking contour Cf uture , we 
explicitly obtain 



dp 

HH+,absoTb(B; po,t \ = I — 







— ^ symm (po,t ;p,uj) + / — ^(p,w)^* ymm (po,-io;P,w) 



2tt 



(8.2) 



where ^ symm (po,to;p,uj) is defined in ( 3.37] ). In fact, by taking Cf u t U re> we are only left with the L£ 



(-RS)-part of the one-point function for the u> > (a; < 0) sector. See the figure |j. This boundary wave 
function is formally regarded as the limit of ( 3.31[ ) under to — ► —00, po — ► +00 while keeping |po|/|*o| 
finite. Note that the second (first) term oc e ipp0 ~ lujt ° (oc e -wo-* w *o) j n ( |3,3l| ) oscillates very rapidly in this 
limit for u> > (w < 0) and hence drops off. 35 The limit just means that the DO-brane moving along the 
trajectory ( |3.2| ) is coming from the past infinity (X - ), and falling into the future horizon Everything 
is supposed to be localized over the classical trajectory in this case. 



Adopting the past Hartle-Hawking contour C pas t for the boundary state of emitted DO-brane ( 3.33 ) is 
completely parallel. We take the time-reversal of the above: 



HH-,emit(B; po, to\ = — 



50 dp 
2^ 



00 do; 
— \£ 
2vr 



symm (/'(}• -h)-p.^) + / ^TZ*(p,u)^ symm (po,t ;p,uj) 



v 



35 More precise argument would be as follows: The disk amplitude for a wave packet e.g. f J ^ /(p, is evalu- 

ated as lim po _> +00 , to _» -oc J & f tJ )^'(po, to;p, w). Then, the rapidly oscillating term in the boundary wave function 

9(po,to;p, w) cannot contribute for any L 2 -normalizable wave packet f(p,uj). 
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which is regarded as the t — > +00, po —> +00 limit of (|3.33j ). It describes the trajectory of DO-brane 
emitted from the past hori~~ '"~ 1 ' ' * ■■<■-■' 



ue lq — f Tuu, po — t -ruxj iimii ui ^o.oq ;, 11 i 

;ted from the past horizon TC~ and escaping to the future infinity Z + . 

Let us turn to the 'symmetric' DO-brane (3.37). Naively, it appears that the prescription is that 

J — 2^ symm (p ,t ;p,u) L ({p,u\+ J — 2* 



m fi' f°° d P 

M+,symm\"; PO, *0 1 ~ J ^ 



svmm(PO,-io;P,w) fi ((p,u; 

(8.4) 



for the future Hartle-Hawking contour Cf utur e) an d 

m + i' f ^ 

HH-,symm\-D', PCbH)| = / 7T~ 

'0 2?r 



/•oo /-0 ^ 

/o 2vr 2 ^ymm(Po,-io;P,^) /? ((p,^| + y ^2* symm (p , *o; P, u) L ((p 



(8.5) 



for the past Hartle-Hawking contour C pas t. However, this cannot be the whole story. The existence 
of Euclidean part of the Hartle-Hawking path-integral enforces the boundary states to be expanded by 
the basis smoothly connected to the Euclidean ones, while \Lu), do not possess such a property. 

Consequently, to achieve the correct Hartle-Hawking states, we ought to make further the projection to 
Ti u , (H u ) for the contour Cf utU re> an d to TC V , (Tt v ) for C pas t- We thus obtain as the correct Hartle-Hawking 
states: 



HH+,symm(B; po,t()\ — HH+, symm(-B; PO, *0 \Pu = HH+, absorb(-B; po, *o| j 
HH-, symm{B; po, *0 1 = M-, symm(-E>; A),*0 1 -?V = emitted(-B) P0> *0 1 ; 



i.6) 



where the right-hand sides are already given in (|8^ 

Remarkably, this feature resembles much that of the S-branes discussed in |3(| . Namely, it was shown 
there that 

half S-brane = full S-brane with the Hartle-Hawking contour . (8-7) 

In our case, ( 3.37| ) corresponds to the full S-brane, while the Hartle-Hawking state ( j§^) ( fl3.3|) ) is identifiable 
as the analogue of the half S-brane describing unstable D-brane decay (creation) process. The equalities 
(|8.6| ) suggest that we have roughly identical relation to (|8.7j). 

Notice that the parameters po, to appear just as phase factors of boundary wave functions in ( |8.2| ), fl8.3|) 
contrary to ( 3.31|) , ( |3.33 ). Namely, the choice of parameters po, to does not cause any physical difference for 
the Hartle-Hawking type states : They all can be regarded as describing the DO-brane moving from Z~ to 
TL + (from Hr to T + ) for ( |8.2| ) (for flS.3| )) irrespective of po, to. These two parameters merely parameterize 
displacing the trajectory in two-dimensional black hole background. Similar feature comes about for the 
full S-brane with Hartle-Hawking contour as well: It is equivalent to the half S-brane not depending on 
any shift of the origin (the point connecting the real and imaginary times). 

Finally, we remark a comment from the viewpoints of boundary conformal field theory: in contrast to 
the original ones ( 3.31| ), (|3.33j ) and ( 0.37 ), the Hartle-Hawking boundary states (8J3) (or equivalently ( |8.2| ). 
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(|8.3| )) are not compatible with the reflection relations. One may regard the boundary states ( 3.31 ) and 
( |3.33j ) as the 'completions' of the Hartle-Hawking states ( |8.6| ) so that they satisfy the reflection relations. 



Note Added : After this work was published, the work |5q] was brought to our attention. However, the 
work [^(| claimed results discrepant with ours concerning treatment of spectral amplitudes and the closed 
string radiations. We made in another publication [57| further investigation from the open string channel. 
The result of [57] completely supports the result given in this work, and clarifies where the errors originate 
in the work [56]. 
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Appendix A Useful Formulae 



T(a) 



(2cos<9) a ~V &y d<9 = ir— : ' '-p. rv, (Rea>0, |Re6|<Rea+l 

r(i + ^)r(i + ^) 

(2 cosh t)"-^**^ = -B 



(A.l) 



a + i6 i a-i6A _ ir(|-^)r(|-^) 



2 V 2 2 ' 2 



2 r(l-a) 

(Rea<l, |Im&| < 1-Rea) . (A.2) 



The integral ( A.2| ) follows from the more general formula: 

Jo cosh 2/3 \pt) V 
1 58]. It is also derivable from (A.l) by contour deformation, as was shown in [13 



p p 



(p > 0, Re ( (3 ± - ) > 0) 



(A.3) 



given m 



Appendix B Proof of ( pA9j ) 



:-!() 



Here we would like to evaluate explicitly the integral (|2.1S| ) for any p$ (strictly speaking, we need to assume 
sinhpo > !)• We begin with series expansion of the hypergeometric function in <^(p, 

2 , 



,1 in + n 1 in — n cos . 

F - + — ,- + — + 1; o — 

z II I sinn 

1 . ip+n 



£=0 i V2 _l " 2 ^2 " 1 " 2 



r(^ + i) r^ + ^+i)r(| + ^ + i)(-i)^ / 



cos I 



r(tp + 1 + £) 



V sinh po 



2f 



(B.l) 



Using the formula (A.l), we can perform, in the £-th sector, the integral ( [2.19|) as 

, ip -i+2e _ _£</) *T(ip -1 + 21 + 1) 



V t = g{l) / d#e ine (cos6 
where g(£) refers to 



ip—n i 



T(ip+ 1) 



T(\ + ^ + £)T(\ + l ^ + £) 



r(i + H^)r(i + ^; 



r(«p + i + £) 



(B.2) 



Then the total integral ( 2.19| ) is 

oo 



r(*p + i) 



ip- 



y 

-n\ / j 



i-iy 



i 



r(ip + 2£) 



2 i P- 1 (sinhp ) ip iYi + ^±^)IY± + 
We can rewrite the summation into a hypergeometric function by using 

r(ip+2 ^S( f + A r (I + f + 



2 2£ (sinhpo)^r(ip + l + . 



(B.3) 



(B.4) 



3 The results of this section is due to H. Takayanagi. 
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and then obtain 



r(f )r(i + 1 ) /jp i «p , i i rR _. 



(sinhpo)^ r(i + *±2)r(i + ^) V 2 ' 2 2 ' ' ' S inh 2 Po 
Making use of the formula 

F^2a,2/3;a + /3 + i;z) = F (a,/3;a + /? + ^;4z(l - z)) . (B.6) 

N<2' l^( 1 - z )l<4 



we find that 



V^ lT , r (f) r (l + f) „(. ■ L1 ■ ,1 coshpo \ , p 

> = A- — ■ — —. F ip,i»+l;ro+l; . {&•<) 

^ (smhp )^r(i + ^)r(i + ^) V 2 2sinhp ' 



Note that the second and third arguments of the hyper geometric function are the same. The function is 
thus simplified as 

rpf. • L1 • . n 1 coshpo \ /sinh/? + coshpoV iP to -po • i, VP ra a\ 

F { iP > W + 1 ' iP + 1 >2-2s^i ) = { 2sinhp J = ^ ' (R8) 

because of the relation 

(l-z)« = F(-a,P;P;z) . (B.9) 

In this way, we finally obtain 

y ^ = ^ e -wo 2 ^_jx|)£(i+i) — = — 27rr(zp) — ippo 

and this is the desired formula. 
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